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Abstract

In this little note, using a recently annouced formula to compute Gromov-
Witten invariants of non-singular projective toric varieties [Spi99b], we com-
pute the Gromov-Witten invariants of certain P?-bundles, we give examples
of quantum products with infinitely many non-trivial quantum corrections
and, as a consequence, we deduce that Batyrev’s Conjecture does not hold for
non-Fano toric varieties.

1 Introduction

Gromov-Witten invariants are invariants of the symplectic deformation class of a
symplectic manifold that ”count” (J)-holomorphic curves in the manifold. During
the last years, there has been a great deal of activities to establish the mathemati-
cal foundation of the theory of quantum cohomology or Gromov-Witten invariants
(See, for instance, [RT95] and [KM94]). The focus now is on the calculations and
applications. Gromov-Witten invariants and the quantum cohomology ring of Fano
toric varieties have been computed. Toric varieties admit a combinatorial descrip-
tion which allows many invariants to be expressed in terms of combinatorial data.
In [Bat93], Batyrev describes the quantum cohomology ring of Fano toric varieties
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in terms of generators (toric divisors and formal ¢ variables) and relations (linear
relations and ¢g-deformed monomial relations). The first complete proof of Batyrev’s
result was supplied by Givental in [Giv98| using the equivariant localization Theorem
of Graber and Pandharipande [GP99]. The relations are easily obtained from the
combinatorial data. Unfortunately, the relations alone do not tell us how to multiply
cohomology classes in the quantum cohomology ring QH*(X;Z) (i.e., the relations
do not give us all structure constants or, equivalently, all the three-point, genus-0
Gromov-Witten invariants). In [Kre00], Kresch gives a so called Quantum Giambelli
formula that express any cohomology class in H*(X,Q) as a polynomial in divisors
classes and formal ¢ variables, for a certain class of Fano toric varieties. These ex-
pressions together with the presentation of QH*(X;7Z) via generators and relations,
permit to compute any product of cohomology classes in QH*(X;Z). For non-Fano
toric varieties, so far to the authors’ knowledge, few examples are known: Hirze-
bruch surfaces [Spi00] (See also [CK99]; Example 11.2.5.2), X = P(Op2(3) & Op2)
[Spi99]; Corollary 1 and Xy, = P(®]_,Op1(a;)) with >, a; = e+ kr and € € {0,1}
[CMRO0].

Although Hirzebruch surfaces and Xy are not Fano varieties, they belong to
the symplectic deformation class of a Fano toric symplectic variety. In this paper,
we focus our attention into the first example of a non-Fano toric variety, namely
X5 =P(&)_,0p1(a;)) with Y7 a; =2+ kr, 2 <r € Z and 0 < k € Z which does
not belong to the symplectic deformation class of a Fano toric variety. We state the
existence of quantum products with infinitely many nontrivial quantum corrections;
this is the first example of toric varieties where this phenomenon occurs.

Next we outline the structure of the paper. Section 2 contains a summary
about toric varieties mostly to fix notation and terminology. We start section 3,
recalling the definition of Gromov-Witten invariants and quantum product. We
prove the existence of quantum products « % § with infinitely many non trivial
quantum corrections and we deduce that Batyrev’s conjecture does not work for
Xy = P(®]_,0p1(a;)) with Y7, a; =2+ kr. As a main tool we use the fact that
Gromov-Witten invariants are invariants of the symplectic deformation class of a
symplectic manifold and a recently announced combinatorial formula by Spielberg
[Spi99] that reduces computation of Gromov-Witten invariants on a non-singular
projective toric variety to a rather complicated sum over a finite set of graphs.
In section 4, we include some examples/comments which may help to ultimately
compute the Gromov-Witten invariants and quantum cohomology ring of arbitrary
non-Fano toric varieties.



2 Basic facts on toric varieties.

We start this section describing the projective bundles P(®]_, Op1(a;)) we deal with
as toric varieties and we refer to [Ful93] and [Oda88] for general facts on toric
varieties.

Any PC~Y_bundle X = P(®I_,0p1(a;)), 0 = a1 < ag < ... < a,, admits an
effective action of a r-dimensional algebraic torus that is contained in X as open
dense subset; i.e. X is a toric variety. Its fan ¥ in N = Z" with basis e;, e, ..., €,
has the following set of one-dimensional cones:

V1 = €1, Uy = —€1+ Q262 + ... + Q,€,,

U3 =€, V4 =€3,..., Upy1 =6, Uppo=—(€2+...+e).

The set of primitive classes of ¥ is given by

O = {< U1,V >, < V3,U4, ..., Urs2 >}

and the maximal cones of X are:

055 =< V;, U3, ..., ”l/)}, vy Upgg >
with 1 <¢ <2 and 3 <7 <r+ 2. We will denote by Y@ the set of d-dimensional

cones of Y.

Let wi,...,w,1o be the weights of a diagonal action of (C*)"*2 on C™*? with
respect to the standard basis. For any pair of maximal cones oy, 09 in 3 that have
a common (r — 1)-face 7, let v;,,...,v; _, be the generators of 7 = o1 N oy such that

01 = (Vi o0 Uiy U (ry) and 0 = (Vis oy Uiy, Uly(r))5

and denote wg! the weight of the torus action on the subvariety V; in the chart 0.
In next Lemma, we compute the weight of the torus action at different maximal
cones of the toric variety Y5 = P(Op;* @ Opi (1) @ Opi (1)) that we need later.

Lemma 2.1 Set Ys, = P(Op > @ Opi (1) ® Opi(1)). We have
. o142 o 02,142
(Z) Wog e = W1 — Wo = —Woq ;q0
.. O1r+2 02,742 __
(”) Woypyr = Wo + Wry1 — Wro and Wozlpp1 = W1+ Wrg1 — Wrq2

O1,r+2 02,742
(111) Woyr = Wo + Wy — Wryo and Wey, = Wi + Wy — Wy



. o (o .
(iv) Wo ™ =wey ™ =wj —wppo  for 3<j<r—1

Proof. According to [Spi99b]; Lemma 6.10, if 01,09 € ¥ are two maximal cones

sharing a common (r — 1)-face 7 and v;,, ..., v;,_, are generators of 7 = oy N o9 such
that
01 = (Vi ooy Uiy Uy (ry) ADd 02 = (Vg5 oo Vi, Ul (r))
then
r42

Wor = Z < Vj, Up > Wj
j=1
where uy, ..., u, is the basis of M = Hom(N,Z) dual to v; ,...,v;,_,, v, (r)- So the
result follows after a straightforward computation. [J
Let Zy, ..., Z..2 be the set of all toric divisors of Xx. Then, the cohomology ring
H*(Xx;Z) is given by:
H (Xs;Z) 2 2| 24, ..., Zyi2]/ < SR(E) + Lin(X) >

where SR(X) is the Stanley-Reisner ideal of ¥ and Lin(X) is the ideal generated
by the linear relations. The former is generated by monomials given by the set of
primitive collections:

SR(E) =< leg, ZgZ4 s Z7»+2 >
and
Lin(¥) =< Zy — Zs, 002y + Z3 — Zypy2, 032y + Zs — Zipyas ooy 0 2y + Zygt — Ly > .
Hence, we have:
H (X Z) = L2, Zyyo) | < 23, | [(Zoyo — i) >
i=1

The degree-2 homology Hy(Xs,Z) can be identified with the group R(X) C Z"2
given by ([Bat93]; Definition 2.12 and Theorem 3.4):

R(X) = {(A1, A2, -, Avg2) | Mion + oo 4+ Apgatyyp = 0},

i.e., the group R(X) is generated by \' = (1,1, —as, —as, ..., —a,,0) and \* =
(0,0,1,1,...,1). Moreover, it follows from [Oda88] that A! and A\? generate the ef-
fective cone of Xy, i.e. the cone of degree-2 homology classes that contain effective
curves. Since ¢; = Yy _._, a;, we also have ([Bat93]; Theorem 3.3):

< cl(Xg),/\l >=2—c; and < cl(Xg),/\2 >=r
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where ¢;(Xx) = (1,...,1) is the first Chern class of the tangent bundle of Xy. In
addition, if («), denotes the Poincaré dual of o € H*(Xx,Z), we have

N = (21— e 2320, and N = (Z13320)..

Set Y7 a; =€+ krwith0<e<r—1andk > 0. It follows from [OSS80]; pg.
112, that Xy = P(®!_,0pi(a;)) is diffeomorphic to Yy = IP’(OI?I(T*D ® Op1(€)) with
induced isomorphism on the level of cohomology and degree 2-homology given by:

f*: H*(Ys,Z) — H?*(Xx,Z)
(2.1) X3 — A
X2 — ry2 — k24

f* : HZ(XEaZ> B HQ(Y27Z)
(2.2) Al — pl = kp?
)\2 N ,UQ

being

H (Ve 2) 2 20Xy, o]/ < XE Xy — eXI7X0) >
and p! and p? the generators of R(Ys).

Remark 2.2 It is well known that Xy and Yy have a natural complex structure
and for each value of k£ we have a different complex manifold. Nevertheless if we fix
a suitable symplectic form, say wx,, = Z; + Z,42 on Xy and wy;, = (k+1) X7 4+ X, 42
on Yy, then (Xy,wx,,) is in the same symplectic deformation class as (Ys, wys,).

3 The 3-point genus-0 GW-invariants.

We start this section recalling some basic facts about Gromov-Witten invariants.
Let A € Hy(Xx;Z) be an homology class and Msjo(Xy, A) be the moduli space
of 3-point stable genus-0 curves in Xy of homology class A. The moduli space
M 0(Xx, A) has virtual dimension equal to

dimmt = dimvirt/\/lg,D(XE, A) = dzm(Xg) + (Xz)A

and, in general, this dimension is smaller than the actual dimension of this moduli
space. To integrate over Mj(Xx, A), one is forced to construct a virtual funda-
mental class [Mzo(Xs, A)]"" € Agim,,.,(Mszo(Xs, A)) which is equal to the fun-
damental class of Mj3(Xx, A) when the virtual and the actual dimension coincide
([Beh97]).



The 3-point genus-0 Gromov-Witten invariants (GW-invariants) are defined by
(DXEaA . _ * * *
30 (a1, a0, 03) = evy (a1) Nevy(ag) Nevy(ag)
[MB,O(XZ,A)]W;’M

where «; € H*(Xx;Z) and ev; is the evaluation map

ev;([C; 21, w2, 233 f]) == f(2:).

It easily follows from the definition that the GW-invariant is zero if the degrees of
a; do not verify

deg(ay) + deg(as) + deg(az) = dim(Xs) + ¢1(Xx)A.

Now we are ready to define the quantum product. We introduce formal variables
q1 and g9 corresponding respectively to the generators Z; and Z, ., of H*(Xx;Z).
Set R := Z[[q1, ¢2]] the ring of formal series with the usual multiplication

(01" 2" (' a’) = ai" " g™

Given A = a\' +b)\? € Hy = Hy(Xx;Z) \ {0} we define

qa = qq}

with the natural grading deg(qiqs) = 2¢1(Xx)(a\! + bA?) = 2a(2 — ¢;) + 2br. On
the R-module H*(Xx;Z) ®z R we define the quantum multiplication

(31)  axf=af+ Y (;0)aqa

A€H>

where (o; 3)4 has degree deg(a) + deg(5) — 2¢1(Xx)(A) and it is defined by means
of the three-point, genus-0 Gromov-Witten invariants, i.e. for v € H*(Xy; Z)

(3:2)  (0;8)a() = P55 (e, B, 7).

The operation * defines an associative and commutative R-algebra structure on
H*(X5;Z) @z R. H*(Xs;Z) ®z R together with this multiplication is called the
(small) quantum cohomology ring of Xy and denoted by QH*(Xx;Z).

By [0SS80]; Pg. 112, P(&]_,Op:i(a;)) and P(!_,Op1(b;)) are diffeomorphic if
and only if > a; = Y., b;. On the other hand, Ys, = P(&}_,Op1(b;)), 0 = by <
by < ... < b, is a Fano variety (i.e. —Ky,, is an ample divisor ) if and only if
0 <> b <1 In[CMRO0], we compute the Gromov-Witten invariants of all
toric varieties Xy = P(®]_,;Op1(a;)) which are in the symplectic deformation class
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of a Fano toric variety Yy, although Xy itself is not necessarily a Fano variety (i.e.
X5 =P(®]_10p(a;)) with D) a;, =e+kr,ec{0,1},2<re€Zand 0 <k € Z).

We now focus our attention into the first example of a non-Fano toric variety
Xy =P(&]_,0p1(a;)) with Y7 _,a; =24 kr,2 <r € Z and 0 < k € Z which does
not belong to the symplectic deformation class of a Fano toric variety Ys. Our first
goal is to compute the quantum products Z; * Z; in the quantum cohomology ring of
Xs. To this end, first of all, we prove that in the quantum product Z; * Z; only the
quantum corrections coming from the homology classes a(\! + kX\?) € Hy(Xx;Z)
with a > 0, contribute.

Lemma 3.1 Consider the toric variety Xs, = P(®]_,Op1(a;)) with Y ;_, a; = 2+kr,
2<reZand0 < keZ. Then, the only quantum corrections in Z; x Z; come from
homology classes of type A = a(A\' + kA?) € Hyo(Xx;Z), with a > 0.

Proof. Set Hy = Hy(Xx;Z) \ {0}. By definition we have

ZixZj=ZiZj+ > (Z;Z;) aqa.
A€H>

If a homology class A = aA\' + bA\? € Hy(Xx;Z), 0 < a,b € Z, has a non-zero
contribution then, there exists a homogeneous cohomology class v € H*(Xy;Z) of
degree 0 < deg(y) = 2(a(—rk) + rb) + 2r — 4 < 2r such that

oy ™(Zi, Z;,v) # 0.

If a =0, then b = 0. Assume a > 0. Using the fact that Xy, is diffeomorphic to
Vs, = P(Op:? @ Opi (1) @ Opi (1)), the isomorphisms f* and f. described in section
2 and Remark 2.2, we obtain:

Sy T ()T Z), (F) N2, (F) TN () # 0.

In particular, b — ka > 0. To end the proof it is enough to see that b — ka = 0.
Assume b — ka > 0. From the inequalities 0 < b — ka = (deg(y) — 2r + 4)/2r and
deg(vy) < 2r, we deduce 2 > r which is a contradiction. [J

Our next goal is to compute the GW-invariants we need in order to determine

Z;* Z;. 'To this end and for the convenience of the reader, we start recalling a result
of [Spi99].



Theorem 3.2 ([Spi99]; Théoréme 1) Let Iy, Iy, I3 € 7" be multi-indices, and let
Zb = 70" Z5™ . Then

1
3.3) ®oA(zZh Zk 7B =N —— ST
( ) 3,0 ( ) ; |A1"’ r+r

where the sum is over all connected one-dimensional Mém—gmphs without loops on
the 1-skeleton of the moment polytope A, and representing the class A. The group
Ar is the automorphism group of the fized point component of I' and the other two
terms are given by

St

3 F(b ll'
Hi:l < ZbeVert(F) wtozga;wa(b)>

_ a(b) yval(b)—1 1 F(6)\val(6)—3
TF - HbGVert(F) (wtotal) " Tyval(e) (wtotal>
IT=1 7 wrye)
[1 (=1)%e (de)?de IT- H’:;Ae,ji (o] <(:>) B ﬁw"ﬁ(ﬁ ()
ecEdge(T) (de!)g(w(‘:ﬁ(e) i=2 Ae,js

2de
JT»+1(E)) k=0 (ngi(e) dengr+1<6))

Tji(e) _ k Ti1(e)

where val(b) is the number of edges attached to b, d. is the multiplicity of the
irreducible curve C. associated to e, and \. € R(X) is the homology class of C.. The
notation is chosen such that C, lies in Zj,ey N ... N Zj () and such that the vertices
of e are 0jy(e) = Zji(e) N Zjo(e) NN Zjy(e) AN Oy (e) = Zjo(e) NN Zjy(e) Vi (o)
The other (r — 1) wertices 0j,ey for 2 < i < r are those neighbouring vertices in A,

—

given by 0.y = Zje)N .0 Zjie)N ... N Zj ey NV Zy,, where Zy, 1s uniquely determined
by the structure of A,. All the symbols denoted by w are weights.

Before going ahead with the general case, let us present an example which clarifies
all we have introduced up to now and lights the procedure we will use for proving
the general case.

Example 3.3 Let Yy = P(Opr @ Opi(1) & Op1(1)). According to Section 2, the
maximal cones of ¥ are

01 = 0'1’5 09 = 0'1’4 O3 = 0'1’3
04 =025 O5:= 024 0 .= 023,

the cohomology ring of Yy is given by

H* (Y Z) = Z[Xy, X5)/(X2, X3 — 2X2X,)



and the degree-2 homology can be identified with the group generated by
:ulz (1717_]-7_]-70) and /1“2:(070717171)‘

From this data it can be easily seen that the decored 1-skeleton Ty of the moment
polytope A, is

01 2 04
I Ty
1 2
Wt p
Il 09 o5 ?
[0 It
03 O¢

Using Theorem 3.2 we are going to prove that @K@’Q“I (X1, X1, X)) = 1.

Any Mgfgl (Ys)-graph I' that contributes in (3.3) has to represent the class A =
2u1 and has to be constructed from the skeleton Tyx. Since the only edge of Ty that
represents p! is

01 04

the only ./\/lgfgl (Yy)-graph I' summing up in (3.3) are the following ones

r, = gt 2 o
r,=J1 1 oy 1 01, — 4 1 o1 1 0y

Let us now compute the Sp-term for each of the graph I'. First of all notice that
since 04 does not contain vy, it follows from the definition of Sy that Sp, = Sr, = Sr
Therefore we only have to compute S, and we get

3

2
Spl = (w"l )3 = 23.



Hence, for any 1 <1 < 3, St, = 23. Now we will compute the Tp-term for each of
the graph I'. By definition of T we obtain

2 /.2 \-2 2 [ 2 \—2 (=13 o1 L1, 01\, 01 1 1,01
TFI - “’Zi (“’gi> wgil(wgil) (2!)2@(‘;‘1)4(”03+§wa4)(wog+§wa4)
_ 1 Quiltws;)(2wel+woy)
(212 (wgi)2
_ -1 1 1 \—2, 04, 04, ,04_ 1 2 \—1, 0, (=112
T = rpaplg) wnvnen ) va arar
_ 1Wogweg
2 (wop)?
71,91
w, w,
Tn — LlYo3%s
BT 2 o

Finally, we compute the automorphism group Ar, for any 1 < ¢ < 3 and we
obtain

|AF1’ = ‘AF2| = |AF3‘ =2.

Putting altogether and using the relations wg* — w?! = wJ! = wJ? — w7} given in
Lemma 2.1, we get

@ = (4T, + 1T, + 71,

= (Wi — W) (Wit — wgl)

= g wg) =1

which proves what we want.
Alternatively, it follows from the computation of the 7Tr,’s and the fact wJ! =
Wt — W, Wit = Wit — w4 w7 that ®(wIl)? = O(wJt — w?l)? is a homogeneous
3 Sr,Tr,
i=1 TAr|
fixing as a base of the above polynomials w?!, w7, w24, in order to see that ® =1,

037 7027 "706
it is enough to see that the coefficient C' of (wg!)?* in p(wZ},wgt,wJ) is equal to

09 o3

o1
04

: o1 o1 o4\ 2 : o1 o1 o4
polynomial p(wZ!, w3l wit) = (wgl)? of degree 2 in wJl, w3l w3t Hence,

o2 o3

: : Sy T
o1)2 4y o1)2 o1 o1 o4
one. Indeed, since (wg!)* only appears in the term AT (wgh)? of p(wgt, w3t,w3t)

we have

Now we are going to generalize this example to the manifold Yy = ]P’(OIEIZ &
Op1(1)®Op1(1)). First of all, we observe that from all data given in section 2, it can
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be seen that the edges of the decored 1-skeleton Tx of Y5 of the moment polytope
A, are:

eloralltand swith3<it<s<r+2

Ot Lo O1,s and 02, [ 02,5

e Forall t with3 <t <r

01t 5 02t

efort=r+1,r+2

01t 1+ po 02t

We can now state and prove the main result of this section

r—3
Theorem 3.4 SetYs, = P(Op, *®O0p (1)&0p1 (1)) and py = (1,1,0,...,0, -1, —1,0).
For any homogeneous class v € H*(Ys;Z) and any 1 < o € Z, it holds:
(1) 1 1
‘1’3/,%’““ (X1, Xpi0,7) = (I)(})/E’w (Xit2, Xpy2,7) = 0.
(2)
L ify = XX

aut
(I)OY,% ! (XlaXlaﬁ)/) = { 0 Zf’}/ — X’/‘;QQ

Proof. We may assume that « is a homogeneous class in H*(Yy;Z) of degree
deg(y) = 2r — 4; otherwise the corresponding Gromov-Witten invariant is zero.
Thus, v = X§X/ 3 with 0 <z < 1.
(1) By Theorem 3.2, for any i,j € {1,r + 2}

O35 (X, Xy, XI72) = 005 (X, X, XXy Xy 1 Xppa) = 0

because the third marked point has to be at oy ,41 or 09,41 or o1, or oz, and the
graphs type for au' do not contain these vertices. Also, by Theorem 3.2

O35 (X1, Xpyo, Xi XI73) = D3 (Xps9, X, X1 XI73) = 0

because graphs representing aA! do not contain v, . Hence, (1) is proved.

11



(2) We have already seen that

O35 (X, Xy, XI72) = o™ (X1, X1, X5 Xy - X1 Xp40) = 0.

Let us now compute

= (I)oy,%vaul(leXthX:JrS) (I)YE’W (X1, X1, Xi X5 Xy - - X, 0 X, q).

Let us denote by & the set of all ./\/lggl—graphs that sum up in (3.3). Any ' € €
has to be constructed using the edge

01,42 02,r+2
and only using it (possibly with different multiplicity).

First of all we will compute the Sp-terms appearing in (3.3). To this end, notice
that since 09,42 does not contain vy, for any pair IV, I' € £, Sp = Spv. Therefore, it
is enough to compute S assuming

= o

01,742 092,142

In this case,
2
_ F(b) F(b) 1
Sr = ( § : wtatalwa(b)> ( E : WiotalW 2(b)>
be{o1,r+2,02,r42} be{ o1,r12,02,r42}

Since 09,42 is the vertex containing (vs, ..., v,41) and not containing vy; and oy ; is
the vertex containing (v, vs, ..., U;, ..., 1) and not containing v; for 3 <i <r —1
we get

2
S — «a wUI,T+2 «a wUI,T+2w01,7‘+2 wo'l,r+2
r O1,r42 "7 02 r42 O1,r42 702 r42 013 """ 01,r—1 )"
02,742 02,742

Therefore, for any I' € £, we have

— 3 01 r+2 O1,r+2
Sr = @ wgttwg e

Now we will describe the Tp-terms appearing in (3.3). Let us denote by

-1 Ty (e) k, Tii(e)
(—1)(15((1 )2de ﬁ Hk:,ue,ji‘f‘l(wo—;il(:) o d_eWU;i;(e))
e He,j, Oji(e Tjq (e :
(de!)?(w j:if@))me i=2 k=0 (wﬂjil((e; - d_’zw"ﬁif@))

Notice that, since any I' € £ is constructed by means of the following edge

Ye = /V(Ga Oj1(e)> gjr+1(5)) =

12



de
e: e °
01,42 02,742

and d.p' = (dg,d.,0,...,0, —d,, —d,,0), the only terms in the denominator of 7,
come from the i-th component of d.ut for 3 <i < r — 1. Hence for any edge e with
multiplicity d. > 1 we have

de—1, 1r+2 | i O1r42yrde—1, 1742, 5  O1,r+2
(—D)de(de)?de  IIiE1 Wor i1+ wosria) IS (Worl, "+ woslra)

Ye = 1,2 1,412 OL,r12
(de!)2(w027:12)2de WUL;JF -~-W017:J:1
de—1 N Olr42 | . 02042 N Olrd2 . T2r42
_ (=1)de | ((de_l)wo'l,:il+lw°’2,:il)((d5_l)wal,:+ +WU2,:+ ) (3 4)
— C1,rt2 91,742 91,r+2 .
(de_l)p(wag’:ig)mie Wolngr -~~W017,:t1
) . 02,042 O1,r42
where in the last equality we have used the fact that wo [, = —ws, |, together
with the equalities
01,r+2 O1,r+2 __ 02 r+2 01,r+2 O1,r+2 __ 02 r+2
(3 5) wUl,r+1 + WUQ,T‘+2 - YWo2,r+19 wO’l,r + WUQ,T‘+2 - w0'2,r )
02 r42 02,r+2 01,r+2 02 r42 02,r+2 01,r+2
wUQ,'r _|_ wgl,r+2 - O1,r I wo'Q,r+1 _|_ wgl,r+2 - O1,r+19

that are easily deduced from Lemma 2.1.
In order to compute the contribution in Tt coming from

o a(b) yval(b)— 1 F(b)\val(b)—
pPr = H (wtotal) (o)=L W(wtot(d) ®) 37
beVert() szl WF;(b)

let us fix some notation:

{01 rir o 0T 0} = {vertices 01,40 In T}, {05,49,...,05, 5} = {vertices 0440 in I'};

a; = t{e € Bdge(D)|o,q € de}, b; = te € Edge(D)|o}, ., € Oc}.

Using once more that we only have edges of the above type e and thus for any
O1,r4+2 02,r42,

b € Vert(I') and any j, 1 < j <wal(b), wr,() is, up to constant, we, 1y = —Wey 1 is;
together with the facts that

Ul,r+2_w01,r+2 Olr42 ,Olr42 ,Olrt2  Olrt2
total 027427701 r41 " 01,r O1,r—1""""01,3

02,742 02, r+2, 02, r4+2, 02 942, 02 r42 02 r42
— ) ) ) ) )
total w01,r+2w02,r+1w02,r wUQ,T—l "'w02,3
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O1,r+2, O1l,r+2 O1,r+2 _ , 02,042 02742 02,r4+2
and wo, s Way Wyl = Wopls| Wosy --Woghiq, WE get

_ 01,742 ™ (a;—1 O1,r+2, O1,r42 ™ (a;—1 O1,r+2 O01,r42 01,742 ™ (a;—1

pr = CF(WUQ,r-s-z)ZZ*l( ’ )(wal,T+lw01,r )Z“l( ! )(Wal,g Woy g ---Wal,r_1>21*1( i=1)
02,742\3"" L (b;—1 02,r42 02,r42\3" ™ (h;—1 02,742, 02,r+2 02,r4+2\3"" L (b;—1
(3.6) (worrt) Zi= D (Wadr w2 Zim G D (g g w17 ) 2= (D

T1r+2\3" " | (1—a; mo(1=b;)+2
(wokrt2) i (1ma)+ X7, (1-bi) +

where cr is a nonzero constant. Notice that if we denote by [ the number of edges
in I', we have the following relations

(37) Y ai+Y bi=2 andl—(n+m)=-1
=1 =1

Therefore, according to the definition of T, using (3.4) and (3.6), we get that
there is a constant Cr such that
TF = pr HeEF Ve

_ O1,r42\2/, Ol,r42, O1r42\S" (g,—1 02,742, 02,r42\3Y" (h;—1
= CF(wUQ,r+2> <W01,T+1W01,r )2171(1 )(wﬂz,r+1w02,r )2171(1 )

(Wbt P2 ghrt? | ekt iz (@4 (1)
’ s r—
I1 (=1)de Hi—iifl((de—z‘)wZ};:ﬁHng::ﬁ)((de_i)wg;::n+iw§§::+2)
€€ (de—1)12 (wgy T 2)2de oLt oLri2
e ! 92,742 01,3 Woqlp
Lt TLra2 S (i1}, T2rd2 T2t ST (b
= ( 1)QC (w017:11w01»:+) =1 1)(w02,:11w027:+) i (bj—1)
= r ( g%,:ﬁ)2a72wgi,g+2w2,2+2“. Zi:j?
de—1 N Olrt2 . 02,42  Olrt2 . T2et2
H IT:) ((defz)wq;H+zw027:+1)((defz)w(,17: +M02; )
ecl’ -1

where we have used ) _.d. = a and the relations stated in (3.7). Therefore,
putting all together we get

St _ g WA
= T ; LA re—
|Ar| (""02,:4-2)2& 2
3.8 02,r4+2 02 r+2 m _(bj—1
( ) ‘(WGQ,TH o2, )Zlfl(l )
de—1 N Olr42 | . 02542 N Olr42 | . 02042
H T2y ((defl)wffl,:+1+lwff2,:+1)((defl)""ﬂl,: +Z""02,: )
ecl (de—1)12
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s . . . o o g
where Cr is some constant depending on I'. Choosing we, 15, woyri: and we, ™ as

a basis of these polynomials we get

Olr4+2 _  02r42 01,742
02, r42 — w02,r+1 - wUl,'r+1

o2, r+2 T1,r+2 02 r+2 g1,r+2
o2, - wUl,r + WU2,T+1 - w01,r+1-

0'1,7‘+2)2a—2 _ ( T2 r4+2

Substituting this terms into (3.8) and multiplying by (ws, Wogrii —

g — .
Wt 17)2*~2 we obtain

SFTF 02, r4+2 01,7r+2\2a0—2 __ ~ O1,r+2, O1,r+2 77‘_ a;—1
[Ar| (Wosris — Woirir) = Cr(Woy s Wor s )2’*1( i1

02,742 01,742 02,742 01,742 m (b;—1
'(WUQ,TH (wUl,r + Wosrp1 = Woq ry1 ))Z’_l( 1)

de—1 N 0142 | . 02742 Tlrd2 | T2r42 142
H I ((de_’)“’al,:+1 +Z"”02,:+1)(d5 01,: +Z(‘”02,:+1_‘”01,:+1 )
ecl (de—1)12

Hence, by Theorem 3.2,

@( T2 r4+2 Jl,r+2)2a—2

Srir 02,142 O1,r4+2\20—2
WU2,T+1 - le,r+1 )

= 2r [Ar| (Woz Tt — Wous Ty
~ O1,r42 O1,r42 n 1
= 2 0 Or(Wo i iwor " )lel(al )

02,742 01,042 02,742 01,742 m (b, —1
.(w02,r+1 (wUl,r + Wogrp1 = Woq i1 ))Zl_l( i—1)

91, r4+2 92,742 91,742 T2, 742

91,742 ))

Woi rt1

de—1 . . .
H IT:5: ((de_z)“’ﬂ,rﬂ +iwos 11 )(dewal,r +Z(w‘72,r+1 -
ecl’

(de—1)12

O1,r+2\20—2 - 02,042 O1,r+2\20—2
) m (w02,7-+1 — Woyrih)

Since the coeflicient of (wgsy 1 is one, the Gromow-
Witten invariant ® is equal to the coefficient of wg, 7} in the polynomial on the
right hand side of (3.9). Note that the right hand side only contains such term if

and only if

n m
E (a; —1) = E (bi—1)=0
i=1 i=1
. o — . O o —
or, in other words, (wg,17)?** 2 only appears in Y . %(wéﬂf — Worr12)?*2 when

I' consist of one edge between oy 12, 02,42 of multiplicity a. In this case

ST 02, r42 01,r74+2\2a—2 __ (_1)a+1
|£FT (waz,r+1 - wUl,r+1) -

((a=1)1)?

TS (@ = Dwitrt? + iwgzrt?) (awei ™ + i(wezrt? —

15

01,742
wUl,r+1

))-



There, the coefficient of (wz,77?)**~2 is equal to

(_1)a+1
((a =1)1)?
Therefore, ® = 1 and this finishes the proof. [J

(=Dl a—-DI(-1)*" =1

Corollary 3.5 Set Xy, = P(®]_,Opi(a;)) with ) _;_, a; = 2+kr for some 0 < k € Z.
For any homogeneous class v € H*(Xs;Z) and any 1 < o € Z, it holds:

(1)

. 1 if v =227
G N2 2y = r =2k ifr =205
0 if deg(vy) # 2r — 4.
(2)
k ify=212%5
! 2 ; r—
(I)éf? R )(Zl’ ZT+277) = (7’ - 2>k2 Zf7 = Zr+22
0 if deg(~y) # 2r — 4.
(3)
, K’ ify =223
Xg,a(AL+kA . —
q’o,§ O )(Zr+27 Zri2,7) = (r— 2)1{73 if v = Zr+22
0 if deg(y) # 2r — 4.

Proof. We may assume that 7 is a homogeneous class in H*(Xx;Z) of degree
deg(7y) = 2r — 4; because the Gromov-Witten invariant is zero when the degree of ~y
does not fit. Thus, v = Z{“"Z:;g_” with 0 <z < 1.

(1) Using the fact that the Gromov-Witten invariants are invariants of the
symplectic deformation class of a symplectic manifold ([RT95]; Proposition 2.3)
together with the fact that Xy is in the symplectic deformation class of Yy =
P(Op% @ Opi (1)  Opi (1)) and the isomorphisms f* and f, described in Section 2,
we get:

(I)())fgg,a()\hrk)\?)(zh 71, lez;:gfx) _
i (X0, X0, XX+ (=2 = o) kXX,

Using the linearity of the Gromov-Witten invariants, obtain:

O3 (X1, X1, XEXIT270 4 (r — 2 — )k XPHXI 2o =
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« 1 X r—242—X Ne? 1 X rT—4—IT—
(I)é%’ g (X17X17X1 Xr+22 ) + (7’ —-2- x)kq)(% : (X1?X1?X1+1Xr+22 1) =

1 ifex=1
(r—2)k ifx=0

where the last equality follows from Theorem 3.4. Therefore,

o 1 if v =223
oy N2 2 = (P =2k ity =205
0 otherwise

which proves what we want.
(2) and (3) follows as (1) and we left the proof to the reader. [

Now we are ready to compute Z; * Z;. Indeed, using Corollary 3.5, we obtain:

Proposition 3.6 Consider the toric variety Xs, = P(®]_,Opi(a;)) with >, a; =
24kr,3<r and 0 <k e Z. We have:

Zy\ % Zy = Z(Zf+2 —2(k+ 1) Z,1271) (q105)>.

a>1

Zl * Zr+2 = ler+2 + Z ]{?(ZT?JFQ — 2(]{? + 1)Z,«+221)(qlq5)a.

a>1

Zrya * Zyio = Zf+2 + Z kQ(ZEH = 2(k +1)Z1271)(0195)*

a>1

Remark 3.7 Notice that in all quantum products Z; * Z; we have infinitely many
non-trivial quantum corrections.

Proof. Set Hy = Hy(Xx;Z) \ {0}. By definition, for any 4, j € {1, + 2} we have

(310)  ZixZy=ZiZi+ > (Zj; Zi)aqa.

A€H>

By Lemma 3.1 and Corollary 3.5, the only quantum corrections in (3.10) come
from the homology classes A = a(A' + kA?) with 0 < a € Z. Hence, it holds

(3.11) Z; Z; = Z (Zi;Zj)a()\1+k)\2)(q1q§)a'

a€Z>0
Since deg(Z;; Zi)a(x1+k22) = 4, there exist integers a;; and b;; such that

(312) (Zu Zj)a(A1+kA2) = aiijerng + bi,jZ7?+2
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or, equivalently,
al\l 2 —
(1321 Zryo + bi Z2,0) 21 Z0vs = 5N N2, 2, 20 2053)

and

al\l 2 —
(53212012 + bi Z200) 2155 = @5 * N (24, 25, 7733)
which gives us ay = —2(1€+ 1), 6171 = 1, a1r42 = —2k(k+ 1), bl,r—i—Q = kf, Ar42 742 =
_2k2(k ‘l‘ 1) and b?“+2,r+2 = k2 .

Hence, substituting in (3.11) and (3.12), we get what we want. [

4 Examples and Final Remarks

4.1 Using the behavior of Gromov-Witten invariants of symplectic manifolds un-
der blow-up at fixed points, we can get other examples of quantum products with
infinitely many non-trivial quantum corrections.

In fact, we consider the symplectic toric variety Ys, = P(Op & O52(1)) and we
keep the notation of Example 3.3. The blow-up of Y5, at the fixed point p,, is again
a symplectic toric variety Y. Its fan 3 is given by

01, 02, 03, 04, 05,

Oaq = <U2>U47U6>7 Op = <U2>U577}6> Oc = <U4;U57U6>

where vg := vg +v4+v5. The pull-back map p* : H*(Yy;Z) — H*(Ys; Z) induced by
the blow-up p : Y5 — Y5 maps the divisor classes X; corresponding to v; as follows

p*(X;)=X,, fori=1,3

pr(X)) =X, + X, fori=2475

where the X, are the divisors in Y5 corresponding to v; € M),
According to [Hu00], we have

aul Y~’a,—\1} / ’ ’
1= Qo5 (X1, X1, X1) = 5™ (X1, X;, X)),

So, there are infinitely many non-trivial quantum corrections in the quantum prod-
uct X; * X; € QH*(Ys;Z).

4.2 Arguing as in Section 3, we can compute all the quantum products « * 3 with
o, 3 € H*(Ys;Z) for the particular case Y, = P(Op @ OF2(1)). Indeed, we first
compute the 3-point genus-0 Gromov-Witten invariants and we get

18



Lemma 4.1 Set Ys, = P(Op & OF2(1)). The following holds
(1) For any . B, € H*(Yz; Z)

3" (@, 8,7) = 0
unless A =npu' or A =np' + p?; or A =nu' +2p* and deg(a) = deg(3) = 6, with
0<neZ.
(2) For any o, B,y € H*(Ys;Z) with deg(a) = 4 and deg(f) = 2

0 ifn>0
JyyanBAY ifn=0.

o (0. 6) = {
(3) For any o, B,y € H*(Ys; Z) with deg(a) =2 and any 2 <n € Z
o™ (@, B,7) = 0.
(4) For any B € H*(Ys; Z) with deg(5) = 2

npd 2 , N + ifn=1
q)OYE, Hm (X1X57ﬁ7 Xng) = { é)ﬁ i M2> Z§n =0

(5) For any B € H*(Ys; Z) with deg(3) = 2

(B,npa + p2) ifn=1

@oy,%;”u%f(xg?ﬂ, X X3 =<1 if 3= Xs andn =0
0 otherwise.
(6)
(I)Oy’%nulwz(XlX&X1X5>XfX§4> - { g_ ' Zf?ejwli;e. persl
(7)

1,,2 _ . _ < -
S I DI A S5+

41—z)+z ifn=0, 0<zx<1.

(8)
1 ifn=1

n 1 2
CI)(%’ S (XXG, X1 X5, X1 X5) = { 0 otherwise.

From Lemma 4.1, we deduce
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Theorem 4.2 Set Ys, = P(Op & OF2(1)). The following holds

X1 X5 X1 = qigo X1 X5+ X5 = Xu X3 + qig

X+ X5 = X2+ 2+ e X2+ X1 = X1 X2 + quge

X1 X5 % X1 X5 = Xsquqe X1 X5 % X3 = Xigo + (2X5 — X1)q1o
X52 * X52 = (X5 + 2X1)(]2 + (3X5 — 2X1>Q1QQ X1X52 * X5 = X1QQ + (X5 — X1>Q1QQ
X1X52 *Xl = (X5 — Xl)Q1QQ X1X52 * X1X5 = <X52 — X1X5)Q1QQ

X X2+ X2 = X1 Xsq + (X7 — X1 X5)q100
X1 X2+ X1 X2 = (X2 —2X, XD g + 143 = i

Proof. It follows from Lemma 4.1 [

From Theorem 4.2, we can derive a presentation of the quantum cohomology
ring. (See [CMRO1] for a more general result on this direction).

4.3 As we pointed out in the introduction, in [Giv98|, Givental proved that the
quantum cohomology ring QH*(X;7Z) of a Fano toric variety, X, defined by the
3-point genus-0 Gromov-Witten invariants coincides with the ring QH :;(X ;7)) de-
fined formally in [Bat93]. This is no longer true for non-Fano toric varieties.
The first counterexamples were given by Spielberg, [Spi99], and Cox-Katz, [CK99].
As a consequence of our results we get infinitely many examples. Indeed, it fol-
lows from Theorem 3.4 and Corollary 3.5 that the quantum cohomology ring of
Xy =P(@]_,O0p1(a;)) with >0, a; = 2+ kr for some 0 < k € Z, does not coincide
with the ring QH}(X;Z) defined by Batyrev.
We hope this work might come in useful for understanding the general case.
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