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1 Introduction

The main goal of this paper is to give a description for the structure of the (small)
quantum cohomology ring of the toric variety X = P(]_Opi(a;)) with >°'_ a; =
€+ kr and € € {0,1}. As we carefully explain later, the importance of this result
relies on the fact that, unless £ = 0, X is a non-Fano toric variety and the fact that
we determine not only a presentation of the quantum cohomology ring QH*(X;Z)
but also all quantum products a * § with «,5 € H*(X;Z) or, equivalently, all
three-point genus-0 Gromov-Witten invariants.

The quantum cohomology algebra of a smooth projective manifold, or more
generally of a symplectic manifold X', has been introduced by string theorists (see
[Vaf92], [Wit88]) and a rigorous construction has been achieved recently by Ruan
and Tian in the symplectic case [RT95] and Kontsevich and Manin in the algebraic
geometric context [KM94]. Roughly speaking, it is a deformation of the usual co-
homology ring with parameter space given by H*(X). The multiplicative structure
of quantum cohomology encodes the enumerative geometry of the rational curves
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on X. If one restricts the parameter space to H%!(X), one gets the small quantum
cohomology ring denoted by QH*(X;Z).

Although we now have a solid foundation of the quantum cohomology theory,
the calculation has remained a difficult task. So far, there are only few examples
which have been computed, e.g., Grassmannians [Cio95], some rational surfaces
[CM95], flag varieties [ST97], some P¢-bundles over P" [QRI8], some P?-bundles
over P x ... x P [CMROO0] and some toric varieties [Bat93], [Spi99], [Spi99al,
[Giv98] and [Kre00]. Toric varieties admit a combinatorial description which allows
many invariants to be expressed in terms of combinatorial data. In [Bat93], Batyrev
describes the quantum cohomology ring of Fano toric varieties in terms of generators
(toric divisors and formal ¢ variables) and relations (linear relations and ¢-deformed
monomial relations). The first complete proof of Batyrev’s result was supplied by
Givental in [Giv98] using the equivariant localization Theorem of Graber and Pand-
haripande [GP99]. The relations are easily obtained from the combinatorial data.
Unfortunately, the relations alone do not tell us how to multiply cohomology classes
in the quantum cohomology ring QH*(X;Z) (i.e., the relations do not give us all
structure constants or, equivalently, all the three-point, genus-0 Gromov-Witten in-
variants) or even how to express ordinary cohomology classes in H*(X;Q) in terms
of the given generators. In [Kre00], Kresch gives a so called Quantum Giambelli
formula that express any cohomology class in H*(X, Q) as a polynomial in divisors
classes and formal ¢ variables, for a certain class of Fano toric varieties. These ex-
pressions together with the presentation of QH*(X;7Z) via generators and relations,
permit to compute any product of cohomology classes in QH*(X;Z). Moreover,
there is no idea what sort of shape a general quantum Giambelli formula might take
for arbitrary Fano toric varieties or non-Fano toric varieties. For non-Fano toric va-
rieties, so far to the authors’ knowledge, only two examples are known: Hirzebruch
surfaces [Spi99a] (See also [CK99]; Example 11.2.5.2) and X = P(Op2(3) & Op2)
[Spi99]. As we pointed out before, the goal of this paper is to compute the quantum
products a3 of two arbitrary cohomology classes a, 3 € H*(X;Z) of the non-Fano
toric varieties X = P(®]_,Opi(a;)) with >, a; = € + kr,e € {0,1} and to give
a complete description for the structure of the (small) quantum cohomology ring
QH*(X;Z), with the hope to find a clue which could facilitate the study of arbitrary
non-Fano toric varieties.

Next we outline the structure of the paper. Section 2, mostly serves to remind
the reader of the definition and basic properties of smooth toric varieties as well
as to fix the notation. In section 3, we recall the construction of the quantum
cohomology ring QH*(X;Z) of X =P(&]_,Op1(a;)) with >, a; =€+ Ar and € €
{0,1}. The quantum cohomology ring QH*(X;Z) is defined as the Z|[q1, g2]-module
H*(X;Z)® Z[q, q2], where ¢ and ¢y are formal variables with a new multiplication



which we denote by *. This multiplication is obtained by replacing the classical
structure constants with polynomials in ¢; and g whose coeflicients are the 3-point,
genus 0 Gromov-Witten invariants (GW) of X. Using Batyrev’s Theorem (see
[Bat93] or [Kre00]; Theorem 1.2) plus the fact that the Gromov-Witten invariants
are invariants of the symplectic deformation class of a symplectic manifold we obtain
a presentation of QH*(X;Z). More precisely, there exists a canonical isomorphism
(Cf. Theorem 3.3 for more details):

QH (X, Z) = Zlq1, q2, Z1, Zy42) /1
with [ =< 212* - (ZH-? - (k+1>Zl)EQ1q§7 (Zr+2_kZ1)*T_l * (Zr+2_ <k+€)Zl> — (@2 > .

From the point of view of enumerative geometry one is interested in computing
all GW-invariants of X, and to this end the above presentation is not too helpful.
A recently announced formula by Spielberg [Spi99] reduces the computation of any
GW-invariant on a non singular projective toric variety to a certain sum over a finite
set of graphs which can rise very quickly. So the formula is combinatorically very
complicated and far away from what one might wish for. In section 4, we compute
all 3-point, genus-0 GW-invariants of X = P(®!_,Opi1(a;)) with Y ), a; = e+kr and
e € {0,1} and we deduce the quantum product « * 3 of two arbitrary cohomology
classes «, f € H*(X;Z). As a byproduct, in section 5, we get a quantum version of
the Leray formula.

Acknowledgement: We would like to thank A. Kresch for some valuable com-
ments.

2 Basic facts on toric varieties.

We start this section describing the projective bundles P(®!_, Op1(a;)) we deal with
as toric varieties and we refer to [Ful93| for general facts on toric varieties.

Any P"-bundle X = P(®!_,0p1(a;)), 0 = a1 < ay < ... < a,, admits an effective
action of a r-dimensional algebraic torus that is contained in X as open dense subset;
i.e. X is a toric variety. Its fan ¥ in N = Z" with basis ey, es, ..., €, has the following
set of one-dimensional cones:

V1 = €1, Uy = —e€1+ Q262 + ... + G, €,,

U3 =€y, Ug=€3,.., Upp] =€, Uppo=—(e2+..+¢€.).

Definition 2.1 A set of toric divisors { Dy, ..., D} on X is called a primitive set
ifDyN---ND=0but DyN---ND;N---N Dy #0D for all j. Equivalently, this
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means < vy, ..., Uy >¢ X but < vy, ...,0;,...,v >€ X for all j. If S :={Dy,..., Dy} is
a primitive set, the element v := v; + ... + vy, lies in the relative interior of a unique
cone of 3, say the cone generated by vy, ...,v. and vy + ... + v = ayv] + ... + asv.
with a; > 0 is the corresponding primitive relation. Moreover, there is a unique
class curve 3 € Hy(Xsx,Z) such that < 8, D; >=1fori=1,...k, <, D} >= —aj,
j=1,.,sand < B,D >= 0 for all other toric divisors. Such [ is called the
primitive class associated to the primitive set S.

The set of primitive classes of ¥ is given by

QO = {< V1,V >, < VU3,VU4, ..., Upq2 >}

and the maximal cones of X are:

Oi1j1.dr—1 =< Viyy Ujyyeeey Vg g >
with1 <4 <2and3 <5 <o <. <Jpo1 ST 42,
Let Zy, ..., Z.,2 be the set of all toric divisors of Xy. Then, the cohomology ring
H*(Xs;Z) is given by:
H (Xs;Z) 2 72|24, ..., Zi0]/ < SR(X) + Lin(X) >

where SR(X) is the Stanley-Reisner ideal of ¥ and Lin(X) is the ideal generated
by the linear relations. The former is generated by monomials given by the set of
primitive collections:

SR(X) =< 214y, Z3Zy - -+ Zyyo >
and
Lin(Y) =< Zy — Zs,a92) + Z3 — Zypyo, 04321 + Zy — Zyioy ooy @p 2y + Ly — Ly > .
Hence, we have:

H"(X5;Z) 2 Z|Z1, Zr1o) | < Z3, H(Zr+2 —aiZy) >

=1

where the last relation is nothing but the so called Leray Relation (LR)

LR: H(ZTJ,_Q - aiZl) == Z:_IQI(Z,H_Q — chl) =0

i=1

with C1 = Cl(@;":lo[?l (az)) = 22:1 a;.



The degree-2 homology Hy(Xsx,Z) can be identified with the group R(X) C Z"*2
given by ([Bat93]; Definition 2.12 and Theorem 3.4):

R(E) = {(/\17 /\27 ceey )‘r+2> | )\lvl + ...+ )\r+2UT+2 = O}’

i.e., the group R(X) is generated by \' = (1,1, —ay, —as, ..., —a,,0) and \? =
(0,0,1,1,...,1). Moreover, A\! and \? generate the effective cone of Xy, i.e. the cone
of degree-2 homology classes that contain effective curves. We also have ([Bat93];
Theorem 3.3):

< Cl<XE)7)\1 >=2—¢; and < Cl<XE)7>\2 >=r

where ¢1(Xyx) = (1,...,1) is the first Chern class of the tangent bundle of Xy. In
addition, if P.D.(«) denotes the Poincaré dual of a« € H*(Xy,Z), we have

M =PD(Z)—aZ5Z) and N> = P.D.(Z/37)).

Set Y7 a; =€+ krwith 0 <e<r—1andk > 0. It follows from [OSS80]; pg.
112, that Xy = P(®!_,0p1(a;)) is symplectomorphic to Yy = ]P’(Ogl(r*l) @ Opi(€))
with induced isomorphism on the level of cohomology and degree 2-homology given
by:

f* : HQ(Yz,Z) — HQ(Xz,Z)

(2.1) X4 — Al
Xr+2 — r4+2 — kZl
fe: Ho(X5,Z) — Hy(Ys,Z)
(2.2) Al — bt —kp?
)\2 N ,u2

with H*(Ys;Z) = Z[X1, X,10)/ < X3, X0,o — eX/3X1) > and pb and g2 the
generators of R(Yy).

The last definition we need is the following one.

Definition 2.2 A set of toric divisors {Dy, ..., Dy} on X is called an exceptional
set if vy, ..., v}, are linearly independent and vy +...+v; = v; for some j, 1 < 7 <742,
The relation vy +...+v; = v; is called exceptional relation. Associated to it, there
is the corresponding exceptional divisor, D;, and a curve class § € Hy(Xy,Z)
such that < 8,D; >= 1fori = 1,..,k, < 3,D; >= —1 and < 3,D >= 0 for
all other toric divisors. Such 8 is called the exceptional class associated to the
primitive set {D;, ..., Dy }.



Example 2.3 If a; = --- = a,_y = 0 and a, = 1 there is only one exceptional set
in Y given by:
S = {< V1, Vg >},

the exceptional relation is v; + vo = v,4; and the exceptional class is pu!.

3 The quantum cohomology ring.

In this section we are going to compute the quantum cohomology ring of toric
varieties Xy, = P(€) associated to a direct sum & = ®]_;Opi(a;) with >, a; =
e+kr, k> 0ande € {0,1}. Since we are working with two ring structures, classical
and quantistic, on the cohomology group H*(Xy;Z), we have to fix some notation.
If ag, g, ..., g are cohomology classes in H*(Xx;Z) then asio * a}‘il ...k’ is the
quantum product of 7y copies of «y,..., i, copies of a,. For the classical product we
write afall...a’.

Roughly speaking, the quantum cohomology ring of Xy is a deformation of
the usual cohomology ring with parameter space given by H*(Xy;Z). The mul-
tiplication in the (small) quantum cohomology ring is defined using the 3-point,
genus 0 Gromov-Witten invariants as structure constants. More precisely, we intro-
duce formal variables ¢, g corresponding respectively to the generators 7, Z,.,5 of
H?*(Xx;7Z). Set R := Z|qi, q2] the ring with the usual multiplication

(qas*)(ar'ay’) = a1 g™,

Given A = a\' + b\? € Hy = Hy(Xx;Z) \ {0}, we define g4 := ¢%¢5 with the
natural grady deg(qiqs) = —2Kx,. (a\' + bA\?) = 2a(2 — ¢;) + 2br. On the R-module
H*(X5;7Z) ®7 R we define the quantum multiplication

(31)  axfB=af+ Y (a;0)aqa

A€EH>

where (o; 3) 4 has degree deg(«) + deg(83) + 2K x, (A) and it is defined by means of
the three-point, genus 0 Gromov-Witten invariants, i.e.

(32)  (8)a(P.D.(7)) == €53 (o, 8,7)
for v a homogeneous cohomology class of degree
—2Kx,.(A) + 2dim(Xx) — deg(a) — deg()

and (a; B)a(P.D.(7)) = 0 otherwise.



Notice that setting ¢; = 0 one recovers the classical product.

Furthermore, for higher quantum products, we have

Q1 % Qg % ... %k = E (0 ;.o ) aqa
A€H>

where (aq; an; ...; ay) 4 is defined as (aq; ag; ...; g ) a(P.D.(7)) = @éf,?ﬁl(al, 2, ey Ay Y )-
Thus oy * ag * ... ap = ae...a + (lower order terms), where ajas...ay stands for
the ordinary cohomology product of aq, s, ..., ay; and the degree of a lower order
term is dropped by 2Kx.A for some A € Hy(Xx,Z) which is represented by a
non-constant effective rational curve.

The following Theorem is a particular case of the general result on associativity
of quantum cohomology (See, for instance, [RT95], [KM94], [Beh97] or [LT98]).

Theorem 3.1 The operation * defines an associative and commutative R-algebra
structure on H*(Xx;Z) ®z R. H*(Xx;Z) ®z R together with this multiplication is
called the (small) quantum cohomology ring of Xx, and denoted by QH*(Xx;Z).

Our first goal is to give a presentation for this new algebra QH*(Xy;Z) with
Xy = P(€) a projective bundle associated to direct sum of line bundles, & =
@ Opi(a;) with Y7 a;=€e+kr,0<e<land0<keZ.

Remark 3.2 By [OSS80]; Pg. 112, P(®]_,Opi(a;)) and P(Bl_,Op1(b;)) are sym-
plectomorphic if and only if Y., a; = >"._, b;. On the other hand, Y5, = P(®!_; Op (b;)),
0=10by <b; <...<b,,isaFano variety (i.e. —Kys, is an ample divisor ) if and only if

0 <>._, b <1. Therefore, we are going to compute the quantum cohomology ring
QH*(Xs;Z) of all toric varieties Xy = P(®!_,Opi(a;)) which are symplectomorphic

to a Fano variety, although Xy, itself is not necessarily a Fano variety.

Since for 0 < e <1, Yy = P(Op1 & ... & Op1 @ Opa (€)) is a toric Fano variety, by
[Bat93]; or [Kre00]; Theorem 1.2, its quantum cohomology ring is given by

QH*(Ys; Z) 2 Z[X1, Xyi2, 1, 2]/ < X172 = (Xrp2—X1)p1, X550 (X2 —€X1) —p2 >

with p; = p*. Now, using the fact that X5, and Y5 are symplectomorphic, the
induced isomorphisms f* and f, described in (2.1), (2.2) and the fact that the
Gromov-Witten invariants are invariants of the symplectic deformation class of a
symplectic manifold ([RT95]; Proposition 2.3 or [Beh97] or [LT98]), we obtain the
following presentation of the quantum cohomology ring of Xy:



Theorem 3.3 Set Xy, = P(®)_,0p(a;)) with > ;_a; = e+ kr, 0 < e <1 and
0< keZ. We have:

QH* (X5 Z) 2 Z[Zy, Zyia, a1, go) /1
with ¢; = ¢ and

I =< Z;Q — (ZT_|_2 — (k’ -+ ].)Zl)quqg, (Z,«+2 — ]{/’Zl)*r_l * (Zr_;,_g — (k’ + E)Zl) — QG2 > .

Unfortunately, the presentation given in Theorem 3.3 does not tell us how to
compute ay * ap in QH*(Xy;Z) for any oy, an € H*(Xx; Z). We devote next section
to compute the quantum product of two arbitrary cohomology classes.

4 The 3-point genus-0 GW invariants.

If A€ Hy(Xx;Z) and 71, ¥, .., Ym € H (X5 Z), q)(‘iffn’A(fyl, ..., Ym) denotes, as usual,
the m-point, genus-zero Gromov-Witten invariant. First of all, we prove that in
the quantum product v * n with v € HY(Xx;Z), n € H(Xs;Z) and i +j < r
only quantum corrections coming from the homology classes A2 € Hy(Xyx;Z) and
all + ak)? € Hy(Xx; Z), o € Z, contribute.

Lemma 4.1 Consider the toric variety Xy = P(®j_,Op (a;)) with Y ;_, a; = e+kr,

0<e<1and0<keZ. Then, the only quantum corrections in Z,’ x Z* 1o come
from homology classes of type A = aX\' + akX\? € Hy(X5;Z), 1 < a < (i +7)/2 if
i+ <rand from X2 or a\' + ak)\? € Hy(Xx;Z), 1 <a<r/2ifi+j=r.

Proof. Set Hy = Hy(Xx;Z) \ {0}. By definition we have

5 J
— N

Z Z:-ZFQ —ZJZZ+2+ Z 7“+27"' r+2,Z1,...;ZI)AQA.
0#£A€H>

If a homology class A = a\! + 8\? € Hy(Xx;Z), 0 < o, € Z, has a non-zero
contribution then, there exists a homogeneous cohomology class v € H*(Xy;Z) of
degree 0 < deg(v) = 2(a(2 — € — k) + r3) + 2r — 2(i + j) < 2r such that

i J
7\

N

q)é(f+}4+1(rzr+27 ) Zr+27,Zh SRRE Z17 7) 7é 0.




Assume a =0, then f=0ifi+j<ror0< < 1ifi+j=r. Assume a > 0.
Using the fact that Xy is symplectomorphic to Yy = P(Op1 @ .... & Op1 @ Opi(€))
and the induced isomorphisms f* and f, described in section 2, we obtain:

i J

A

a 1 —« 2 r N\ 7 - Y £\ —
Oyt O kX X + XD X X (FF)7H()) # 0.

In particular, 5 — ka > 0. To end the proof it is enough to see that § — ka = 0.
Assume [ — ka > 0. From the inequality 0 < 8 — ka = (deg(y) — 2a(2 — €) — 2r +
2(i + 7))/2r and the fact that § — ko is an integer, we have 1 < (deg(y) — 2c(2 —
€) —2r +2(i + j))/2r. Since, deg(y) < 2r, we get

1 < (deg(y) —2a(2—¢€) —2r+2(i+j))/2r <

(2r —2a(2 — €) — 2r + 2(i + §))/2r = (—a(2 — €) + (i + ) /7

and we conclude that —a(2 — €) + i + 7 > r which is a contradiction.

From now until the end of this section, we analyze separately the case ¢ = 0
from the case € = 1. This is due to the fact that the methods we use are different.

4.1 Case e =0.

We start this subsection computing the quantum products Z;* * Z:i% 14+ 7 <rand
Z3t i > 0. To this end, as usual, we let (Z) =0if0<a<borb<0and first of all
we prove

Proposition 4.2 Set Xy = P(®!_,Op1(a;)) with > ;_, a; = kr for some 0 < k € Z.
For any i,j,a € Z withi+j <r and 1 < a < (i+7)/2 and for any homogeneous
class v € H*(Xs;Z), it holds:

(1)

J i
oA +akA? 7 % N A ~
q)éfﬁji;r Y Zig o T T, 2y ) =
(pa i) > if y = 2y 220!
0 otherwise.

(2)

r—1i %
7\ 7\

7

’ g 1 ifi=0 and ~ — 7. 771
®OX,7X‘:—;—)\1 (ZT+27' . .,ZT+2,Z1,. . .’Zl”y) — { f 'y 1 r42

0 otherwise.



Proof. (1) We may assume that « is a homogeneous class in H*(Xx;Z) of degree
deg(y) = 4a + 2r — 2(i + j); otherwise the corresponding Gromov-Witten invariant
is zero. Thus, v = Zfoj"r;“r_Z_J_x with 0 < x < 1. Using the fact that the Gromov-
Witten invariants are invariants of the symplectic deformation class of a symplectic
manifold ([RT95]; Proposition 2.3) together with the fact that Xy is symplectomor-
phic to Yy, = P(Op,) = P x P"! and the induced isomorphisms f* and f, described
in section 2, we get:

j 7
Xs,a ! +akA? b NG A N ror2atr—i—j-zy _
¢0,’i+j+1 (Z'r‘-i-Qa'"aZT+27Z17"'7Z17ZIZr+2 ) -
J
PIXPT_I,O(/J}-FO,LLQ s ~N
cI)O,i+j+1 (XT+2+I€X1,...7XT+2+]{7X1,

—_—— —i—j—x . . Q+r—i—j—
X1, Xo, XEX2F 770 Qa4 r — i — k(1 — 2) X, X257 707,

Since by [CK99]; Example 8.1.2.1

Lif Y iy =r(n+1)+n

TH,]Pm il m _
Qo (H", - H )_{ 0 otherwise

the linearity of the Gromov-Witten invariants together with the fact that the Gromov-
Witten invariants of a product manifold are the product of Gromov-Witten invari-
ants of the two factors ([Beh99]), gives us:

J )

1 r—1 a 1 2 A . L .
Do X+ kX X + RXG X X,
XEXZI 4 (a4 — i — k(1 — 2) X X2 =
(2a _ l]—k 1_ x) EPe i Qa4 — i — 5) (1 — ) <2aj_ Z> f2a—i+l

which proves (1).

(2) We may assume that v is a homogeneous cohomology class of degree 2r;
otherwise the corresponding Gromov-Witten invariant is zero. Thus, v = Z1Z/,,.
Arguing as in (1), we have

r—i %
7\ 7\

7

X5,A2 7 > r—1\ __
q)07r+1 (Zr+27 S Z?“+27 Zl) BRI Zla ZIZTJ,_Q) -
r—1 i

P! P'r7170 1 2 7 - % Y r— 1 lf/l - 0
Oo, 0 Xy + kX, X +EX X X0 XX ) = { 0 otherwise
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which proves what we want.

Now, we are ready to compute Z; * Z:iQ, i+j <rand Z" ¢ > 0. Indeed, using
Proposition 4.2, we obtain:

Proposition 4.3 Consider the toric variety Xs, = P(®]_,Op1(a;)) with >, a; =
kr and 0 < k € Z. We have:

(1)ifi+j <r and (i,7) # (0,7), then

[i+5/2] . <
gzt =212 S (3 7, 1) reeimi(y,) ) e sazis o
a=1

a—1+1 a—1
+ j k2a 1,21-‘1-] 2 ( k)a,
Qv — i 42 419> )

(2)
[r/2]

Z*TQ = kT’ZlZ:+21 + Z ( ) 200 — T) <2L)>k2a+lzlz:+22al

( )kQaZ:HQa Q1Q§)Q+Q2;

(3) 2% = (01g3)" and Z7*" = (0143)'Z1.
Proof. (1) Set Hy = Hy(Xx;7Z) \ {0}. By definition, we have

J i
A A

(4.1) Z*Z*Z:fa - ZlZﬁH“‘ Z r+27-~-;Zr+2§er;---;Z1)AQA-
0#£A€H>

By Lemma 4.1 and Proposition 4.2, the only quantum corrections in (4.1) come
from the homology classes A = aA! + ka)l? with 1 < « <4+ j/2. Hence, it holds

[i+7/2] J 53
(42) Z*Z*Z*]Q = ZZ +2+ Z T+2,-.. r+2’ZIa---;Zl)a)\1+ka)\2(q1q5)a-

7 )
Since deg( 253 L2 L1 Z1 ) ant skanz = 2(1+ j) — 4a, there exist integers
j i

a and b such that (rZr,w+2; Ce Zr+;; ,Zl, ce Z;)a)\lJrka)\Q = CLle::jrrJZ 2ol +bZiJ+rj2 2o or,
equivalently,

i+j—2a—1 i+j—2a 200+r—i—j—1 _
(012,75 + 0235 )2 Z

11



>,

e .
Xs,o\ ka2 /7 N7 N 2a4r—i—j—1 o J 200—1i
(bO,T‘+1 (ZT+27'"’ZT+27ZI7“'7ZI7ZT+2 Zl) — . k:

200 — 1
and
(aZ, 277 4 bzl 22y =
] b
CIDOX§+oi/\1+ka,\2(ZT,+2, s ZH_;, 1y Z17 Zfi;r i ]) _

j 200—i+1 : . -] 200—i+1
k 2 — 17— k
(2a—i+1) T Zadr—i j)(Qa—z)

which gives us
b= ( J ) k2a—i
200 — 4

j 2a0—1+1 . . j 20— 2+1
_ K 20 — i — k
¢ (2a—i+1> T 2a—i j><2a—z)

Substituting in (4.2), we obtain:

and

[+7)/2] ,
Z*th;k_{_2 —ZZ r+2+ Z (<< a_l+1)+(2a_i_j)<2 J )>k2a z+1Z Z:"j-JQ 20— 1_'_

o—1
j k?a zZH—] 2c0 k\a
90 — i 2 ) (@143)

which proves (1).
(2) Using again Lemma 4.1 and Proposition 4.2, and arguing as in (1) we obtain

T

Zho = 2o+ Z Zr425 5 Dry2)aqa =
0#£AEH>
[r/2] A A
r+2 + Z 425 - r+2)a)\1+ka)\2 (Q1QQ) + (Zr+2; T Zr+2),\2(J2 =
[r/2]

krZy 205k + qo + Z (((?a N 1) +(2a—7) (2&)>k20‘+12 Vo

<2a) kQ"‘ZIHQ“) (q195)™.

(3) By Theorem 3.3, Z;2 = q1¢5 and the result easily follows.

12



Let us now calculate the quantum product of two arbitrary cohomology classes,
e Zl o % 2070, withi,j <r—1, 20+ 7! , withi,j <r—1and 2,70 ,x 2,7},
with 7,7 < r — 1. To this end, we need the following lemma which computes all
3-point, genus-0 Gromov-Witten invariants.

Lemma 4.4 Set Xy = P(®)_,Opi(a;)) with Y ;_, a; = kr and 0 < k € Z. Consider
integers i,7,s,1 € Z,0< 5,1 <r—1and0<1i,s < 1. Then, for any homogeneous
cohomology class v € H*(Xx;7Z),

CI)S(,—??’A(ZiZngQa ZigZTZ”—s—Q’ 7) - Oa

unless A =0 or A =X or A= XN +k\ or A=\ + (k+ 1)\2. Moreover the
only non-zero 3-point, genus-0 Gromov-Witten invariants associated to a non-zero
homology class A € Hy(Xx;Z) are:

(a) if A= X+ k) then

(1) SXFNLL g Z1 7L oy 1 ZE AT = L with j+1<r —1,
(2) o5 N2y, Z0ZL 0, 20205 = jk with j+1 <,
(3) ®05 N (Zl 90 Zhyoy 20275777 = GIK? with j+1 <7 +1,
(4) ®05 N (D90 Zhin, 275577 = l(r +2 = § — DK with j+1<r+1;
(b) if A= \? then
(1) B33 N2 0 2l 2027557 ) = Lwith v < j+ 1,
(2) o5 (219, 20,0, Z2577") = 20k with r +1 < 1+ j;
(c) if A=A+ (k+1)\? then
(1) 3N 2Ly 202y, 202257 7) = L with r < 1+,
(2) Q03N Z 0 D1 2L, 20 Z257) = Gk with r +1 < j +1,
(8) ®05 (Ll 90 Loy 2202257 71) = UK with r +2 < j +1,

(4) o520, Zy, ZE5777 = jl(2r +2 — § — DK withr+3 < j+1.

13



Proof. Since A\! and \? generate the Mori cone of effective curves, A = a\! + b\?
for some 0 < a,b € Z. Moreover < c1(Xs), Nl >=2 —kr and < ¢;(Xx),\2 >=r.
So, if @3 (ZiZ), 5, ZEZL,5,7) # 0, then

(4.3) deg(y) =2(a(2 —1k) +7b) +2r —2(i+j+ s +1)
or, equivalently,
y=27Z, with0<z<1 andy=al2—kr)+rb+r—i—j—s—1—ux.
Using the fact that Xy, is symplectomorphic to Yy = P(Of,) = P x P"! we get:
¥y N2 212,05, 202 ) =

Lypr=1 gt —ak)u2 i . s "
Dy O (XX, X0 X (X 4+ KX XT (X + R X))

which implies b — ak > 0.
Since the Gromov-Witten invariants of a product manifold are the product of
Gromov-Witten invariants of the two factors, i.e. q)éf éY’AJrB (1 @By ey Oy ® Br) =

@éf;?‘f(al, s O )OY BBy, .., B, using (4.3) and the fact

,m

Lif Y7 iy =r(n+1)+n

PHP 17y iy
o (H", . H )_{ 0 otherwise

we deduce that a=0and 0<b<lora=1land k<b<k+1.
Now we compute all non-zero 3-point, genus-0 Gromov-Witten invariants asso-

ciated to non-zero homology classes A € Hy(Xx;Z).
(a) Assume A = A\! + kN2, If

VA i 7]
@5{; (Zi7?

r+27 ZfZ7l“+27 7) 7é 0

for some homogeneous cohomology class «, then
0<deg(y)=2(r+2—(i+j+s+1)<2r

implies i + 7 + [ 4+ s < r 4+ 2. Moreover we have
(1)

X5, A kA2 j l r—1—j—ly __
(1)0,3 (ZerJrQ?Zer+27Z12r+2 ) -
PPt pl0u? j l r—=1—j=ly _
¢)0,3 (Xer—i-Qv Xer+2> Xer+2 ) -
Pl H Pr=10 j l r—1—j—I
@073 (H,H7H)®073 (HJ7H7H J ):1.

14



(I)éff?’AlJrW (2249, 212} 0, 21 20371 =
(I)Ig7;XPT—1,;A1+Ou2(X£+2 +ij1X£;21,X1X£+2, XlX:;g*l) _
k5" (H, H, H) Dy “(H', HY H 7 = k.
(3)
OGN Ny, 2 12T =
By (XD + R X XD, XD + XX X X ) =
UKL (H, H H) DY O (HI~ HI HP 970 = ik,
(4)
005 (2 20 275 =
BEE O (X iR X XL XX XU, X2 (r 2 )R X X =
JUr+2—j— DK, (H, H H)DYy O (HI I H 97 = i(r 42— j— DR,

which proves what we want.
(b) and (c) are analogous and we leave them to the reader.

Proposition 4.5 Set Xy, = P(®]_,Opi(a;)) with > ;_,a; =kr and 0 < k € Z. It

holds:
(1) Z7Z;+2 * ZZ+2 =
( P P L.
L5+ (k2557 = (i 4§ = ik 20 2357 )i gb itj<r
Zlvo+ (K Z55 — (r = 2)ijk* 20 2] 35 g + ¢o i+j=r

(iijZ;:§ —(r— 1)ijk3lefI§)q1q§ + (Zygo +7kZ1)qo 1+g7=r+1
(k22552 = i+ j —r = ik 2. 255 ) qugs ™
HZT + k20 25T e i+j>r+2,

\

(2) Z1Zy 45 * Zg+2 =

2 Z7 + (GRZIAS T — (i + § — V)2 20 ) il itj<r
(ij:bl —(r— 1)jk?ZlZ¥;22)(hq,2€ + Z1qo t+j=r
GEZILT = (i+§ — 1= )R 2 205 g™ + 20200 g i >+ L
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(8) 212}y % 21 Z] =
(2,55 — i+ DD 235 andh itjzr
(257 =+ —nkZZ 5 Dast it jzr+lL

Proof. We prove (2) and we leave to the reader the proof of (1) and (3). By
definition

(4.4) ZlZf#z * ZZ+2 = ZlZ:iJé + Z (ZlZ:;-i-Q; Z£+2>AQA
A€H>

where (212! ,,; Z7 42)4 is a homogeneous cohomology class such that
(4.5) (ZlZ:;—l-Z; Zg+2)A(P‘D'(7)> = @gf??’A(lef;Ha Zﬁ+2,7).

It follows from Lemma 4.4 that the only non-zero quantum corrections appearing
in (4.4) come from A=A+ kXN ifi+j<r, A=A +k N and A=Nifi+j=r
and from A=\ + (k+ 1A and A= N ifi+j>r+ 1.

Hence, if i + 7 < r we have

I Lg% 2Dy = 21 20+ (21205 Z2 ) w0 -

Since deg(Z1 2! 5; Z) o) xipxe = 2(i + j — 1), there exist integers a and b such that
(217003 72 o) xiiwne = aZ0 + 02,222 Moreover, we have

a=(Z R LI BLET = (D2 B 2 =
X, At 4kA? 4 j r—i—j .
(I)O,§ " (Zer+27Z7j~+27ZIZr+2 j) :]k
and

akr b= (025 VA ZE NI = (D 2 e 2 =

1 2 ; ; r4l—i—7j . . .
SN2, 2Ly, 2D g Z0 T ) = K (=i — j + 1),

Therefore a = jk and b = (1 — i — j)k?j or, equivalently, (ZlZiJrQ;ZZJrQ))\lM,\z =
GkZET — (i 4§ — 1)jk*Z, Z)757% which proves the case i + j < r. Arguing in the
same way in the cases 1+ j =r and i + j > r + 1 we get what we want.
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4.2 Case e =1.

In this subsection we will deal with Xy, = P(®]_,Op1(a;)) with >, a; = 1+ kr and
k € Z. First of all we will compute all the quantum products on Yy, = P(O;?l(r_l) &)
Op1(1)), a Fano symplectomorphic model of Xy and then, we will deduce all the
quantum products on Xs.

Notation: We define recursively the sequence of integers:
o ? =03 =a=a3=1and bi =2,

e for any integer n > 2, a2ttt =02, , 1 <i<n-—1; 220 =2, + a2,
1<i<n—2 b7 =b3n ,+ 15 and by ™ = agy ™t =1,

e for any integer n > 3, b2" = a2t 4+ 1, a2, | = bfff@ig, 2 <1< n-—2

om _ 12n—1 2n—1 . . 2n _ 12n—1. 12n _ 12n—1 .
brti1 = bn+i—2 +ta,im,2<1<n—2 a3, o= bon_3; oo = b5, —3 +1; and

2n _ 2n _
bop 1 = a5, 1 = 1.

Proposition 4.6 Consider the toric variety Ys, = P(O?l(r_l) ® Op1(1)). Then the
following holds:

(i) Xi% X700 % (Xogo— X1) = X1 X700 — X0 o(Xpo — X1)p1, 0<i <7 —2:

(ZZ) X1 * X:_Z‘_Q = XlXi_‘_Q, 0 S 1 S r— 1,’ and Xf2 *x X:_Z,'_Q = X;:+2(XT+2 - X1>p1,
0<i<r—2;

(iii) Xty =Xl 0<i<r—1and X)7,= X "2X| + ps;
() foranyl <n<r—1and0<06<1

Xf(2n+6) =0X 1 X Lpt + (1 — 5)X,T:21 (Xppo — bi"Xl)p?

r

n+d—1
1 n+d—i—1/ 2n+4d 2n+4 n+i,
+(_1) § Xr+2 (an+i Xr+2 - anri Xl)pl )
=1

(v) forany0<j<r—1-n,1<n<r—1and0<§<1

X2, X780 = XT L 0X X7 ot + (1 — 0) X0 (X — 02 X0 )7

(1) T X T @ X e — b X )P
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Proof. According to Example 2.3, v; + v9 = v, is the only exceptional relation
and p! is the corresponding exceptional class. Thus, by [Kre00]; Proposition 4.8,
Xy * .. x X, (with ¢; # 4, if j # t) has non-zero quantum corrections if and only if
Lr+1€ {iy,....is}.

(1) Since X7 = Xo, X; = X,yo forany 4, 3 < i < r, and X, = X, 40 — Xy,
applying [Kre00]; Proposition 4.9, we obtain

Xyx X0 x (Xppo — X1) = X0 X003 — X! o(Xpo — Xy)p1, 0<i<r—2

which proves (7).
(17) Applying again [Kre00|; Proposition 4.8, we get

Xl*X*2—X1X 4o foranyi, 0<i<r-—1

This last equality together with () gives us X7? « X, = X! ,(X,1o — X1)p1, for
any 7, 0 < <r—2.

(#4i) By [Kre00]; Proposition 4.9, X, = X!, for any i, 0 < i < r — 1. Using
Theorem 3.2 and (i), we get X7, = X150 * X1 + po = X1 X5 + pa.

(iv) By Theorem 3.3, X2 = (X,,2 — X1)p1. It is easy to check that X;3 =
X1 X qop1 — X%py = X1 X, 10p1 — (X402 — X1)p?. The general case follows after a
straightforward computation using the above relations and arguing by induction.

(v) Multiplying by X7 7, the expression of X @n10) oiven in (iv) we get

X7y X7 = GXT, x Xy X2 oph + (1= 0) X[y + XI5 (X — B2 X )pf
+(=1)° Z?Jrf ' Xr+2 * Xff; l(q iTzrerJr? - bi;zr&X )it
— X Xt + (1= 0) XU ke (X — 02X )
HEDP X (@ X — B X
= r+2 [5X1Xr+2p1 (1 5)X:+21 (Xr+2 - b%’Xl)Z%

(1) T X (@ K — B X )]
where in the last two equalities we have used the relations X * X, = X; X/, and
X, =X!,for 0 <i<r—1given by (it7) and (ii) respectively.

In the next result we have summarized all the Gromov-Witten invariants that
we can deduce from the above quantum products.

Notation: For any integer a > 0, set a = 2n, + 9, with n, > 0 and 0 < ¢, < 1.

18



Corollary 4.7 Set Yy, = IP’(O];%(T*U ® Op:(1)). For any 0 < i,j,a € Z with 0 <
jH+n <r—1landn, <a<i—14fi>0andj <r ifi =0, and for any
homogeneous class v € H*(Ys;Z) it holds:

(1) for any o > n; + 1

j i (—1)%(al, = b)) ify =X}, i>2
a 1 N\ 7 3 . Qb —i—i— )
B K X X o X0) =4 (0% iy = XX i
0 otherwise,

(2) for a = n,
( . .
(1—=0) ify=X250""" i>246=0
J i . a+r—i—j—1 .
p ~ . — 1 ify =X, X 7T i>2,6,=0
‘I)(}J/,?fgil(Xrﬂ,-~>Xr+2,X17-~-aX1a7) = . aﬂji. .
1 ify=X"0"7, i>24=1
0 otherwise,

(5)
P ——— 1 Z'f'y — XIX:*%
q)é/’?fl (X7"+27 SRR Xr+27 ,7) = . i
0 otherwise.

Proof. It follows from Proposition 4.6 that for any 0 < j < r — 1 the products
X7, and X; x X%, do not have quantum corrections and X", = X; X/ 75 + pa.
Therefore, by definition of the quantum product we get

r

: r—1
Y,Q/_/—\ 1 lf’}/:Xer_i_z
(I)O,?‘-il-tl (XT+27 ) XT‘+27 7) =

0 otherwise
which proves (3). Moreover, for any a € Z and v € H*(Yy;Z) we have
J
oY=’ (X X2, X1,7) =0
0,7+2 T2 -y 42, 1?7) - Y
So, from now on, we will assume ¢ > 2. By definition of the quantum product

i J
7\

(4.6) Xi"x X:«ij = Z (,X1§ RS X1‘§,Xr+2; RS Xr+2‘)AQA
A€H,

19



( J
A A

where (le; o X fXTH, - X,,+2‘) 4 is a homogeneous cohomology class such that

7 J J 7
7\ 7\ 7\ 7\

(47) (Ko X0 Xz X m2)a(PD.(7)) = O (K Xy, X1, X0 ).

On the other hand, by Proposition 4.6; (v) the only quantum corrections in (4.6)
come from homology classes A = apu', with n; < o <i— 1. Moreover, by comparing
(4.6) with Proposition 4.6 we see that the quantum correction in X7 x X}, that
comes from A = au! is
(—1)% X105 (ag Xore — 0, X0)
for any @ > n; + 1; and it is
XX + (1= 6) X (Xepe = 0,X0)

if &« = n;. Therefore, by (4.7), if &« > n; + 1 we obtain:

J 1
Yol 7 % N ST atr—iegy Si(qi _ B
q)o’i+j+1(Xr+27 s 7X7”+27X17 = '7X17Xr+2 ) - <_1) (aa - ba)
7 A
Ya,ap® A atr—i—j—ly _ i 48
q)07i+j+1(Xr+27 . '7X7’+27X17 o '7X17X1Xr+2 ) - (_1) Ay
and if a = n;, we get:
J i
Ys,aul /5 R N a+r—i—jy\ __ 7 : _
q)07i+j+1<XT+27 .- '7XT+27X17 . '7X17Xr+2 ) - (]' - ba) if 61 =0
J %
O (Ko Koo X, X Xy X7 =1 i 6= 0
ouigr1 (Krazy o Xogo, Xy, X5, X XD )=1 ifdi=
J %
B (Koo Koo X X XS 0) =1 if 6, = 1
0,i+j+1( T2y e e ey 2y Ay e ey ATy Ay o ) - 1 0; =

which proves what we want.

Remark 4.8 Once we know the quantum products X{‘i*X:iQ, i+j<r X i>0,
in QH*(Yy;Z), the reader can easily deduce, via the isomorphisms (2.1) and (2, 2),
the quantum products Z{* « Z%,, i +j <r, Zi', i > 0, in QH*(Xx; Z).

Let us now calculate the quantum product of two arbitrary cohomology classes
on Yy, fe: X!, % XX, with ¢, <r—1, X', %X} , with ¢,j <r—1 and
X1 X! 5% X1 X!, with 4,7 <r—1. As a consequence, we will compute all 3-point,

genus-0 Gromov-Witten invariants on Y.
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Proposition 4.9 Set Yy = IP’(O%T*U @ Op1(1)) and consider integers i,j <r — 1.
Then, the quantum product of two arbitrary cohomology classes in Ys, is given by

(1)

. ‘ XM ( Xy — X ifitj<r—2
Xle«Jrg N X1X£+2 _ r+2( +2 1)]71 f J =

Xii§+1_Tp1p2 ifi+j32>r—1,
(2)
XX ifitj<r—1

X1 X * XZ+2 = i i
Xi X, e+ X0 Tpape ifit g >

(3)

X ifi+j<r—1
Xippx Xl =14 X1X73 + po ifitj=r
XN X+ Xpo)pe + X Tpipe ifi >+ L
Proof. First of all notice that by Proposition 4.6, since 7,7 < r — 1, we have
XiXiox Xi XDy, = X2 X057, Xo X x XD g = Xy X007, and X« X7, =
X0,

(1) By Proposition 4.6 (ii), if i + 7 < r — 2 we have

XlXi+2 * X1X5+2 = XikQ * X:ff;j) = X;ijﬁ(Xr+2 — X1);m

and if ¢ + j = r — 1, applying Proposition 4.6 (ii) and (iii) we get
X1 X7 o * X1X5+2 = Xppo x X{%x X:J(FTQ_Q)
= Xopz# (X = Xi X1 = Xa X[y + pipe — Xa X[ op

= Dip2-

Therefore, for any 7 + j > r — 1 we obtain

i i itj—r+l1 %2 *#(r—1)
XerJrQ * XlXT+2 - Xr+2 * Xl * Xr+2

itj—r+1
Xr+2 P1p2
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where in the last equality we have used the fact that i + 7 —r+1 <r — 1.
(2) I‘g fpllows from Proposition 4.6 (ii), that if i + j < r — 1 then Xle;JrQ * XZ+2 =
X, X, Moreover, if i + j = r we have
X1 XJ o * Xg+2 = Xpx X7, = X% (XlX::J:% + p2)
= X1 * X1 X3+ Xips
= pip2 + Xipo

where the last equality follows from (1). Therefore, for any i + 7 > r

X1 X740 * Xﬁ+2 = X:J(:;j_r) * Xpx Xy
= Xiijé_rplpz +X 1Xiijé_rp2
where in the last equality we have used the fact that i + 5 —r <r — 1.
(3) If i +j < r — 1, by Proposition 4.6 (iii), X7 ,* X/, = X*% = X/ and if
i+j=r, Xf,+2 * X =X, = XlX:;21 + po. Moreover, if ¢ + 5 > r,

i 7 - *i+j—r *7
XT+2 * Xr+2 - Xr+2 * Xr+2
_ t+j—r r—1
= X;5 o+ (XX +p2)
o i+j—r—1 i+j—r—1 i+j—r
= X, pip2 + X1 X, 5 P2+ X415 Do

where the last equality follows from (2) and the fact that i +j — 1 > r.

From the above proposition, we can easily deduce the quantum product of two
arbitrary cohomology classes on Xy. Indeed, we have

Corollary 4.10 Set X5, = P(®!_,Opi(a;)) withcy =>;_a; = 1+kr and 0 <k €
Z. It holds:

(1)
(Zyso = kZ0) 3 (Zygo — (k+ 1) Z0)qugs ifi+j <r—2

ZlZi+2 * ZIZngz = L
(Zr+2 - kZl)H]H_r(hng Zfl +.] Z r—= 17

(2)

i Jj
AVARE VAR
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2120 A kj(Zyyo — kZ0) N (Zyyo — (k+ 1) Z0) gy ifi+j<r—1
22755 g + (1 + k) (Zrso — kZ0) " qugh ™ ifi+j>m,
(3) . .
Ly o * Zﬁ+2 =
2355 + K2i§(Zyso — kZ0) 2 (Zys — (K + 1) Z1)quds ifitj<r—1
2125 + @ + KPij(Z]5 — (e — K) 20 Z)55) s ifitj=r
(Z25 + 212357 N ae + (Zogo — KZ0)™H YA+ i) (L+ kj) g™ ifi+j>r+ 1

Moreover, applying Proposition 4.9 (resp., Corollary 4.10), we can compute all
the 3-point, genus-0 GW invariants on Yy (resp., on Xy).

Corollary 4.11 Set Yy = P(Ogl(rfl) ® Opi(1)). Consider integers i,j,s,l € Z,
0< i <r—1and0 <I,s < 1. Then, for any homogeneous cohomology class
v € H*(Ys; Z),

q)éf,?A(Xng-s-%XfXLQW) =0,

unless A =0 or A = p? or A= p' or A= p' + p?. Moreover the only non-zero
3-point, genus-0 Gromov-Witten invariants associated to a non-zero homology class
A€ Hy(Ys;Z) are:

(a) if A= pu' then

(1) (I)(})%A(XlXLLQvX1X7J:+27X1X;:§_j_2) =1lwithi+j<r-—2
(b) if A= pu? then

(1) O35 (XXl gy XD o, X205 ) = L with i+ 5 > 7,

(2) ®X§7A(Xi+2> X£+2’ Xfigi_j) =2withi+j5>r+1;
(c)if A= pu'+ p® then

(1) S5 X X! 0 Xa X o, Xo X257 ) =L with i+ j > 7 — 1,

(2) B3 (Xi Xy, X XD o, X257 =L withi 4+ j > 7 — 1,

(3) CI)(}J/E’A(XIXLFQ; Xz+2, Xfigl_]) =1witht+j>r,

(4) CI)%’A(XL@XL@ X2 =1 with i+ >r+1.
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Proof. By Proposition 4.9, the only non-zero quantum corrections in the products
XIX7 ,xX; X!, come from the homology classes A = p? or A = p' or A = pt + 2.
On the other hand, by definition

(4.8) X]I.XTZ:-‘FQ * XfXZH = XiJrinB + Z (XiX;HS XfXg+2)AQA
0£A€H>

where (X1X',,; X{X7,,)4 is a homogeneous cohomology class such that for any
cohomology class v € H*(Ys; Z)

(4.9)  (XiX740: XX] ) (P.D.(7)) = ©o 3" (X1 X] o, X§ X 15,7)-

Therefore, @K%’A(X{XﬁJrQ,XfoH,v) =0 unless A =0o0r A=p?or A=p'or
A=pt+ p?

Now we will compute all non-zero 3-point, genus-0 GW invariants associated to
non-zero homology classes A € Hy(Yy; Z).

(a) Assume A = p!'. Using Proposition 4.9 and the facts (4.8), (4.9) we get

Po3 (X1 X 1oy XX, X0 X[ 7 7) = XX 7 (X0 15(Xrn — X0) = 1
whenever i 4+ j < r — 2.
(b) Assume A = p?. Using Proposition 4.9 and the facts (4.8), (4.9) we obtain

o3 (X Xy, Xop, X777 = XXX = 1
whenever ¢ 4+ 7 > r and
oy (X4 X0, X1577) = X257 (X0 + X)X =2

whenever i 4+ 7 > r 4 1.

(c) Assume A = p' +p2. Then, once again using Proposition 4.9 and the facts (4.8),
(4.9), arguing as in the above cases we deduce

CI)?J%’A(XlXﬁJrQ? X1X£+27 Xle?Jrr;i_j_2) =1
whenever i + 7 > r — 1,

Ys,A i 7 2r—i—j—1\
(I)O,?) (Xer+27X1Xr+27XT+2 ) =1

whenever i 4+ 7 > r — 1,
Yy, A ; j 2 —i—j
@o,z?f <X1X:’+2’X7J«+27XTJ:2Z J) =1
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whenever 7 + j > r and

Yy, A 7 7 2r—i—j+1\
@0,3 (Xr+27X'r+2’ XT+2 ) =1

whenever i + j > r 4+ 1, which proves what we want.

Using once more the fact that the Gromov-Witten invariants are invariants of
the symplectic deformation class of a symplectic manifold, we deduce from Corollary
4.11 all three-point, genus-0 Gromov-Witten invariants of Xyx. Indeed, we have

Corollary 4.12 Set Xy, = P(®]_,Op1(a;)) withcy =>,_ a;, = 1+kr and 0 <k €
7. Consider integers i,7,8,l € Z, 0 < j,i <r—1and 0 <1l,s < 1. Then, for any
homogeneous cohomology class v € H*(Xx;Z),

X5, A i srz7j
(I)O,§ (ZinJer le£+277> = 07

unless A =0 or A= X or A= X +k\N or A=A\ + (k+ 1)\2. Moreover the
only non-zero 3-point, genus-0 Gromov-Witten invariants associated to a non-zero
homology class A € Hy(Xx;Z) are:

(a) if A=\ + kN then
(1) Qo321 2] 10, 2120 0, 1 Z1 577 ) = L with j+i <1 — 2,
(2) ®55 N T 290 02k, 275 T = h(r —i— = 1) withi+ j <7 =2,
(3) o520 2020, Z0 5 7)) = jK2(r —i — j) with i +j <1 —1,
(4) 005N Zy2s Zii 21557 TY) = ij(r =i = j + DK with i+ j < r;
(b) if A= \? then
(1) O33N Z 9, 21240, 2757 = L with v < i+,
(2) o520 21y, Z2577) = 2(kr + 1) with r +1 < i + j;
(c) if A= N+ (k+1)\? then
(1) Qo521 Z) 10, 21 20 5, 2205772 = L withr — 1 < i + j,
(2) O33N T 0, 21200, 2227055 7771) = (L4 k) with v < i+ 7,
(3) ©03 " (Zlsas 212} 10 27557 ) = (L KG) (L + K(2r — i — ) with 7 < i+ j,
(4) B05 N2 a0 Ziyo, Z2557Y) = (L ki)(1 + kj)(1 + k(2r — i — j + 1)) with
r+1<i+7.
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Summing up, we finish this section with

Theorem 4.13 Set X5, = P(®]_,O0p1(a;)) with Y. _ja; = € + kr, ¢ € {0,1} and
0 <k e€Z. Then, we know all the quantum products of arbitrary cohomology classes,
i, Zi ok 2170 o withi,j <r—1, Zl % Z) o withi,j <r—1and 2,7} ,* 71 Z} .,
with i,j < r—1. Moreover, we have determined all the quantum products Z} x Z:i2,
147 <rand Z{, 1> 0.

Proof. The case ¢ = 0, follows from Proposition 4.5 and Proposition 4.3 and the
case € = 1 follows from Corollary 4.10 and Remark 4.8.

5 Final Remarks

In 1997, Siebert and Tian (Theorem 2.2 in [ST97]) proved that if the ordinary
cohomology ring H*(X;Z) of a positive symplectic manifold X with a symplectic
structure w is the ring generated by aq, ..., as with the relations Ry, ..., R,,, then the
quantum cohomology ring QH*(X;Z) of X is the ring generated by ay, ..., as plus
s formal variables q;.,..., g; with the relations Rj, ..., R}, where the new relations R}
are just the relations R; evaluated in the quantum cohomology ring structure. To our
knowledge there is no counterexample in the non-Fano case and the goal of this last
section is to prove that, even though Xy = P(®!_,Opi(a;)) with Y, a; = ¢ + kr,
0<e<land1l<keZisanon-Fano variety, the analogous of the Siebert-Tian’s
Theorem works. More precisely, we have:

Theorem 5.1 Set Xy = P(®]_,Opi(a;)) with > ._,a;, = e+ kr, 0 < e <1 and
0<keZ. Setc = El§j1<...<ji§r aj, - --aj, for1 < i < r. Then, the quantum
cohomology ring QH*(Xs;Z) is:

QH" (X, Z) = Z|Z1, Zrsa, 1, @2} ] < R, Ry >
where
R . Z2— (Zpo— (k+ D)2 14k

r

k
R} : H (Zrg2 — @i Zy) — (21, Zrg2, @1, G2)

i=1
with p(Z1, Zys2, 1, q2) @ homogeneous polynomial of degree 2r. This last relation will
be called Quantum Leray Relation, briefly QLR. Moreover, if e =0, then

(21, Zryo, 1, @2) = Go + (= 1)K (g2 Z5+
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S (S )l e

(2; B Z) k> ZZZ;%") (15 )“)

with s = 0 if r is even and 1 otherwise, and if e =1 then

" . r—1Y\.. r—1 -
P(Z1 Zrsa, 41, 2) ZQ2+Z(—1)Z<Q’_( ; )k’l— (i_l)(k’*l)kz 1>Bi

1=2

with

B; = ;:é Kt (r?l)( vi2 — kZ1) T 6 Z0 (Zye — KZy)" i (i)
+(1 = 6i11)(Zyyo — kZ1)" 4N (Zpo — (K + bi?jl)Zl)(qqu)"“rl
+<_1)6i+l ZZ;+Z+5i+l_1(ZT+2 _ kZl)n,'.H-i-&H_l—s—l

(@ 1 Zrsz = kel 4 B ) Z0) (@),
foranyi, 2<1 <.

Remark 5.2 Since deg(q?q5) = 2a(2 — rk — €) + 2br, the right side of the QLR is
indeed a homogeneous polynomial of degree 2r.

Proof. First of all we will compute

T

H*(Zw —a;Z) = 2%, + Z ‘G2 7Y

1=1

Let us start with the case ¢ = 0. By Theorem 3.3, we have
G2 = (Zr2 — kZ1)" = 275 — "z + Z ( ) 25" = 77

Thus, we deduce

T

*k
H (Zigo — i Zy) = p(Z1, Zryo, q1, Q2)

i=1
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r—1
) r ) r—1 *7 r T r7xT
=q + Z(—l)l(ci — <,>kZ)ZT+2 ) * 25 4 (=) Z;
and the result follows from Proposition 4.3.

In the case € = 1, by Theorem 3.3, we have
G2 = (Zyyo = kZ0) " 5 (Zoyo — (k+1)20) = 2250 — 1 20557 5 Zy+

r—1

Z(—l)’((r;l)k’# (ti)(kﬂr 1)k~ 1)Zr+’; D 78 (<1 (k+ DR 2

; )
=2
Therefore we deduce

T

*
H (Zrvo — aiZh) = p(Z1, Zri2, 1, @2)

i=1

=+ i(—l)i(cz- - (T R 1> K~ (: - 1) (k+DE) 205"« 27

Since Xy is symplectomorphic to Yy = P(Ogﬁfl) ® Op1(1)), using the isomor-
phisms (2.1) and (2.2) together with Proposition 4.6, we get
Ziy w20 = X (Xopa + RX0)" = 20K (T‘ N XU
R X B X
+(1 = 0u) X105 N(Xpy2 — bi?ﬂle) e
(= 1) oL X T Gl Xy — B X )P
= Yok () (Zrss = kZ0) T 00120 (Ziya — K Z0)" (qrgh) ™
+(1 = 0i)(Zyyo = kZy)" N (Zygy — (K + biﬁﬂl)Zl)(qlqé“)"i“
_|_(_1)6¢+z Z:;+l+5i+l—1(zr+2 _ kZl)ni+l+5i+l—5—1
(ah 4 Zpia — (ka0 L) Z0) (qudh) ]

N4 +s Oy i+s N4 ts

and putting altogether we explicitly determine p(Z1, Z,42, ¢1, ¢2) in the case € = 1.
On the other hand, by Theorem 3.3

QHY (X5 Z) = Z[Zy, Zri2, q1, @] /1
with ¢; = in and
I =< Zik2 — (ZT+2 — (k’ -+ ].)Zl)ﬁqlqg, (Z,«+2 — ]{/’Zl)*r_l * (Z'r+2 — (k’ + E)Zl) — QG2 > .
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It is easy to check that Rf = 0 and Ry = 0 in QH*(Xyx;Z). Hence, (R}, R}) is in
the kernel of the canonical epimorphism

L2y, Zysa, rs qo) —» QHY (X5 2) = L[ 21, Zyso, 1, o) /1,

through giving us the required isomorphism.
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