ON THE ASYMPTOTIC DEPTH OF MULTIGRADED MODULES
GEMMA COLOME-NIN AND JUAN ELIAS

ABSTRACT. The aim of this paper is to establish, among other results, the asymptotic
stability of the depth of the graded pieces of a non-standard multigraded module.
As a corollary we get the asymptotic stability of the depth of the graded pieces of
the multigraded Rees algebra defined by a finite set of ideals and their associated
multigraded rings.

INTRODUCTION

It is well known that some cohomological properties of graded modules over standard
graded rings can be studied looking into their higher degree pieces. For instance, the
coefficients of the Hilbert polynomial have deep algebraic-geometric significance.

In some papers of Burch and Brodmann, [4] and [2], it has been studied the depth
of R/I™ for n large enough, being I an ideal of a Noetherian local ring (R, m). It was
proved that ILm depth(R/I™) < dim(R) — I(I), where [([) is the analytic spread of I.
This study v?fasoogeneralized to standard graded and multigraded modules, see [1], [9]
and [11]. In [11] a different approach to the problem was given. It was considered to
study the asymptotic depth of the homogeneous pieces of a module by means of the
Hilbert polynomial of Koszul homology modules instead of the asymptotic stability of
the associated primes usually considered.

In this paper we proceed in a similar way for modules over non-standard multigraded
Noetherian rings. We prove the existence of the Hilbert quasi-polynomial, and in the
main result of this paper we establish the asymptotic stability of the depth of the
graded pieces of a (non-standard) multigraded module. As a byproduct we get the
asymptotic stability of the depth of the graded pieces of the multigraded Rees algebra
defined by a finite set of ideals and their associated multigraded rings.

Let S be a N'-graded Noetherian ring and let M be a finitely generated S-
module. The degrees of the generators of S as a Sp-algebra considered here are
v = (vi,...,750,...,0) € N" with 4/ # 0 for ¢ = 1,...,r. In [6] we prove that
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the generalized depth is invariant by taking Veronese transforms, and we prove, among
other results, that the depth of the Veronese modules are asymptotically constant in
an almost-standard case.

The key tool of this paper is the Hilbert function (quasi-polynomial) of the multi-
graded Koszul homology modules of a non-standard multigraded module with respect
to a set of elements of the ground ring S. In the second section we prove that the Hilbert
function of a multigraded module M coincides with a quasi-polynomial (Hilbert quasi-
polynomial of M) in a cone Cg C N", see Proposition 2.4. The technical stuff about
cones and quasi-polynomials is recalled and developed in the first section.

The third section is devoted to the study of the asymptotic depth of the pieces of a
multigraded module. Using the quasi-polynomial behavior of the Hilbert function of
the Koszul homology modules, we prove in Theorem 3.2 that there exists an integer p
such that the depth of M, is at least p for all n in a cone Cz C N, and equals to p
in a sub-net of C3. As a corollary we deduce that if the gradiation of S is standard,
or if the Hilbert auasi—polynomials are in fact polynomials, the depth of M,, is equal
to p for all n € Cg C N”, Corollary 3.5. As a corollary we partially get [1], Theorem
3.3, [9], Theorem 3.1, and [11], Theorem 1.1; all of them in a standard framework, see
Remark 3.12.

We end the section by applying these results to the multigraded Rees algebra
associated to a finite set of ideals. Let (A,m) be a Noetherian local ring and let
L, ..., I, be ideals of A. We prove that depth(I{" --- 1) and depth(A/I{"* --- 1)
are constant for all n = (ny,---,n,) > 3, for some 3 € N, Proposition 3.6,
Theorem 3.10. Notice that in this paper we do not deduce these results from the as-
ymptotic stability of Ass(M,,) as in [9]; this is an open question that is not studied here.

ACKNOWLEDGEMENT: We want to thank the referee for a very careful reading of
the paper and for valuable observations that helped to improve the exposition.

1. QUASI-POLYNOMIAL FUNCTIONS

In this paper we systematically use the multigraded notation, i.e. given m =
(my,...,my),a = (a,...,0,) € N we set m® =[[/_, my". Given n = (n4,...,n,) €
Z" we put |n| = >_, |n;| € N. We say that n > m if and only if n; > m, for all
1=1,...,7.

Let v1,...,7 € N” be linearly independent vectors over R. We denote by I' C N”
the semigroup generated by ~vi,...,7, Le. I'={>7_, Ay | \i € N}
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Definition 1.1. Let v, ..., € N" be linearly independent vectors over R. A function
f:N" — Z is periodic with respect to vy,...,7% if f(a+T) = f(a) for any a € N'.

Given 8 € N" and linearly independent vectors 71, ...,7,. € N", we define the cone
with vertex 3 generated by i, ...,7, as

Cﬁiz {QENT|Q:§+Z>\/}Q, )\Z'GR>0},

i=1
and the basic cell Hﬁ C N” of Cﬁ as

=1

Notice that for any element a € C'g, there is a unique representative of « in IlIz modulo
the semigroup I'.

Definition 1.2. We say that a function f: N" — 7Z is a quasi-polynomial function of
degree d on 3,71, ...,7 if there exist periodic functions
o N —=7Z
with respect to y1,...,,, for a € N' and |a| < d, such that for alln € Cp
fn) =) caln)n®
la|<d

and f(n) = 0 when n ¢ Cy, and there is some a € N" with |a| = d such that ¢, # 0.
We call quasi-polynomial an expression 3, -, ca(n)n®.

Notice that a quasi-polynomial function f(n) = >_, <4 Ca(n)n® is determined by the
collection of polynomials of degree < d

fan) =Y ca(d)n® € Zn]
la|<d
for each ¢ € Ilg. Since 7v1,...,7, are linearly independent, any vector n € Cp can be

written uniquely as n =9+ ., m;7y;, with € llg and m € N". Clearly

f(n) = fs(n)

for all n € §+1', because ¢, are periodic functions with respect to 74, ..., v,.. Moreover,
we can rewrite fs(n) as a polynomial in my, ..., m,, and so we denote

Jo(n) = fs(d + Z miv) = Y ca(8)(3+ Z myi)* = gs(m),

la|<d
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where gs(m) € Z[m|.

According to literature, these kind of quasi-polynomials are called simple quasi-
polynomials with respect to some 3,71, ...,7. In [7] and [8], a quasi-polynomial would
be the sum of simple quasi-polynomials, each one with respect to different sets of
vectors. In this paper we only deal with simple ones, and since in our case the vectors
Y1, -+ Y are fixed, we refer to a simple quasi-polynomial with respect to 8,71,...,7%
as a quasi-polynomial.

Definition 1.3. Given a numerical function f : N' — Z, we define the generating
function of f as

F(zy,...,x, Zf n)z™ € Zl[zy, ..., x.]].

neN”

The aim of the following result is to relate quasi-polynomials with the rationality of
their generating functions.

Proposition 1.4. Let f : N* — Z be a numerical function with generating func-
tion F(x1,...,x,.). Then, f is a quasi-polynomial function of polynomial degree d on

By % if and only if

A
P =Y 3 lfm

Selly |t|<d+r

with integers A5 € Z such that there exist t € N, |t| = d + 1, and § € [[5 such that
As 7 0. -

Proof. Let us assume that f is a quasi-polynomial function of degree d on 3, 71, ..., 7y,
so we can write, for all n € Cj,

f(n) =) ca(n)n®

lo|<d
with ¢, periodic functions with respect to 74,...,7,. Then, we have
F('rla"'? Zf Z Zf(S—i—Zmz% [E§+Z‘ 1T
QGCE 561_[/3 mGNT

= Z @é Z gé(m)gzgl mivi

o€llg meN"
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Now, since gs(m) are polynomials of total degree < d in my, ..., m,, we can write

S MH( 1+m])

[t|—r<d j=1

m3) with [¢| — r < d form a Z-basis of the polyno-

because the polynomials H§:1 (* i
J
mials in myq, ..., m, with coefficients in Z of degree < d, see [5] Proposition XI.1.12.

Since f is a quasi-polynomial of degree d there exists A5 # 0, for some ¢ € H,@ and

it =d+r.
e S (C)

Therefore, since
]:

—_

we have that

r

Z gé(m) =T — Z ALs Z H ( -1+ m])gzzl miyi
meN” j=1

meN" [t|—r<d

Z HJ 1 1_957])

[t]—r<d
with [t| —r < d and A\ 5 € Z. Finally, we can write

A
F(zy,... 2z, Z Z Hjlié_xxw)

€Tlg [t]—r<d

for some § € [[; with [t| =d + 7.

Let us prove the other implication. Since,

I (1—:5% ZH( HmJ)xz-zlmm

meN” j=1

we have,

Fla,...,e) =3 S | Y MH( 1+mj) AT mes

d€lly meN” \ |t|—r<d

and so,
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for n =0+ >"._, m;7;, which is a polynomial in my, ..., m, of total degree |t| —r < d.
Therefore, f is a quasi-polynomial function of degree d with respect to 3, vy1,...,7. U

The following result, about the first derivative of quasi-polynomials, will be crucial
in the proof of the existence of a quasi-polynomial for the Hilbert function:

Proposition 1.5. Let f, g : N" — Z be functions, v1,...,7v. € N" be linearly indepen-
dent vectors and 3 € N", such that for all « € N" and some i =1,...,7 it holds

fla) = fla—7) = g(a).

If g is a quasi-polynomial on 3,71, ..., of degree d, then f is also a quasi-polynomial
on B, 71, .., of degree d + 1.

Proof. We denote by F' and G the generating functions of f and g respectively. By
Proposition 1.4 we have

)\t(gfL‘*
G = Z Z H] 11_3;%)

0€lls |t|—r<d

with Ay 5 # 0 for some [t| = d +r and § € [],.
The relation f(a) — f(a — ) = g(a) can be translated in terms of the generating
functions by

G(.Tl R QJT)
F e Ty) = ———
('Tb y L ) (1_£%)
Then
)\t 5$é
F= Z Z x% tit+1 H (1 — x%‘)tj '
This means that f is also a quasi-polynomial on 3,71, ...,7, of degree

b+ + G+ + o+t —r=d+ 1.
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2. MULTIGRADED HILBERT FUNCTIONS

We will denote by S = @, e

ring, and S is generated over Sy by elements

S, a Z"-graded ring, where Sy is an Artinian local

1 M1 1 H
915+ 91 7"'797"7"'7ng

with gg of multidegree v; = (74,...,7,0,...,0) € N" with 7 # 0, foralli =1,...,r

and j = 1,..., ;. We are assuming that each S, is non-zero. Let G be the non-singular
r X r triangular matrix whose columns are the vectors 7y, ..., 7.
The Hilbert function of a finitely generated Z"-graded S-module M = @QEZT M, is

defined as
hy: 27 — Z
n — lengthSQ(MQ).

Let M be the maximal homogeneous ideal of S, that is M = m® @n £0 Sy, where m
is the maximal ideal of the Artinian local ring Sy. For i = 1,...,r, let I; be the ideal of
S generated by the homogeneous components of S of multidegrees (dy, ..., d;,0,...,0)
with d; # 0. We define the irrelevant ideal of S as S, = I --- .. As usual we write
St = @nz05n O Sit. Let Proj”(S) be the set of all relevant homogeneous prime
ideals of S, i.e. the set of all homogeneous prime ideals p of S such that p A S, ..
Proj’"(S) is a topological space with closed sets V., (I) = {p € Proj"(S) | p D I}
where [ is a homogeneous ideal of S.

Given a finitely generated Z"-graded S-module M, we define the homogeneous sup-
port of M as

Suppi+(M) = {p € Proj"(5) | M, # 0}.
Note that Suppy+ (M) = Vi (Ann(M)) is a closed subset of Proj”"(5).

Remark 2.1. In the case that M = S/p, with p an homogeneous prime ideal, there
are two possibilities: p € Proj"(S), or p ¢ Proj"(S). If p ¢ Proj"(S), it means that
p O S, 4, and hence all primes containing p are not in Proj"(.S), and so Supp, (M) =
Viy(p) = 0. In the other case p € Proj"(S), and hence Supp, (M) # ) since there is
at least p in it.

Remark 2.2. Following the definition in [14], where the standard bigraded case was
studied, we define the relevant dimension of S as the integer

r—1 if Proj"(S) =0,
max{dim(S/p) | p € Proj"(S)} if Proj"(S) # 0.

In [13], Lemma 1.2., was proved that dim(Proj"(S)) = rel. dim(S) — r.

rel. dim(S) = {
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The relevant dimension of a module M is

| (o1 if Suppyy(M) =0
rel. dim(M) = { max{dim(S/p) [ p € Supp+(M)} if Suppii( M) # 0.

It is clear from the definition that dim(Supp;(M)) = rel. dim(M) — r.

Y

In order to use induction on the dimension of the homogeneous support of a module
to prove some results, we need the following lemma.

Lemma 2.3. Let M be a finitely generated 7" -graded S-module with non-empty homo-
geneous support, and a € S such that a ¢ p for any minimal prime p in Suppy(M).
Then

dim(Supp4(M/aM)) < dim(Supp,(M)) — 1.
Moreover, if po C p1 S -+ C pg is a mazimal chain of primes in Supp, (M) and
a € p1 \ Po, then

dim(Supp4(M/aM)) = dim(Supp,(M)) — 1.

Proof. 1t is clear that a € p for any p € Suppy(M/aM). Now, since a ¢ p for all
minimal prime p € Supp, (M) we have that the elements of Supp (M /aM) are not
minimal in Supp, . (M).

Assume that a maximal chain of primes in Supp,(M/alM) is

pogplggps

This chain is also a chain in Supp,, (M), but pg is not minimal in Supp, (M), so there
exists a minimal prime q € Supp, (M) such that g C po and hence we can construct
a chain of at least one more level

qCPoEp & S ps
with primes in Supp, (M). Hence, clearly,
dim(Supps+(M/aM)) < dim(Supp44(M)) — 1.

We prove now the equality in the second case. If po € p; € --- € py is a maximal
chain of primes in Supp,, (M) and a € p; \ pg, then p; C --- C pgy is a chain of primes
in Suppy4(M/aM). Therefore, dim(Supp;(M/aM)) > d—1 = dim(Supp;(M))—1
and then

dim(Supp4(M/aM)) = dim(Supp,(M)) — 1.
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Now we are ready to study that the Hilbert function of a multigraded module is a
quasi-polynomial function.

Proposition 2.4. Let S be a N"-graded ring as considered before. Let M be a finitely
generated 7" -graded S-module. Then there exists a quasi-polynomial Py; of degree
dim(Supps4(M)) and a cone Cs C N, such that

ha(n) = Py (n)
for any n € Cj.

Proof. Since M is a finitely generated Z"-graded S-module, there is a chain of Z"-graded
submodules of M
O=MyCM,C---CM =M
such that for each j = 1,...,1, M;/M; y = (S/p;)(m;), where p; € Ass(M) is a
homogeneous prime ideal and m; € 7"
Now the Hilbert function of M can be computed as

ZlengthA (M, /M; Zhs/p n+m;)

Hence, we can reduce to the case that M = S/p, w1th p € Ass(M).

Now, we prove the proposition by induction on the dimension of the homogeneous
support of M.

Assume that dim(Supp,(M)) = —1. In this case Supp,, (M) = 0, and hence
Syt C p = Ann(M), Remark 2.1. Now, since S, M = 0, by [6] Proposition 2.4,
there exists a § € N" and a cone Cg where M, = 0 for all n € Cs. Now, clearly,
there will be a quasi-polynomial Py, = 0, of degree dim(Supp, . (M)) = —1, such that
ha(n) = Py (n) =0 for all n € Cp.

Assume now that dim(Supp++ZM )) > O Since S, ¢ p, there exists an element

g{(l) gl € 5., such that g{(l) e ¢ p. It is clear that g/ i ¢ p for all i =
1,...,r.
For each ¢ = 1,...,r we consider the Z"-graded S-module N; defined as
M S

T M (g
Since gg(i) has multidegree v; = (7i,...,7,0,...,0), with 4¢ # 0, we can consider
the Z"-graded exact sequence

gi(l)

0— M(—y) — M — N; — 0,
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so for all n € Z" we have
(*) har(n) — har(n — i) = hy, ().

By Lemma 2.3, dim(Supp+(V;)) < dim(Suppi(M)), and hence we can apply
the induction hypothesis on N;, so there exists a quasi-polynomial Py, of degree
dim(Supp, 4 (N;)) and a cone C, 8 € N", such that

har(n) — har(n — v;) = Py, (n)

for all n € Cz. Now by Proposition 1.5, there exists a quasi-polynomial Py, of degree
dim(Supp+ (N;)) + 1, such that hy(n) = Py(n) for all n € Cs. It is clear that
dim(Supp,;(N;)) are equal for all e =1,...,7. -

We have proved the existence of the quasi-polynomial, now it remains to show
that has the desired degree. In the case dim(Suppii(M)) = 0, it is clear
that dim(Supp;(V;)) = —1 and so Py has degree 0. So let’s assume that
dim(Supp;+(M)) =d > 0. If p T p; € ...,C pg is a maximal chain in Supp,; (M),
there exists an homogeneous element o € p; \ p of degree v =37, m;7y;. As before,
there is a short exact sequence

0— M(—y) - M — N — 0,

with
M S
N = =
aM  p+(a)

and so, for all n € Z" we have

har(n) — has(n— ) = hy(n).

Since dim(Supp;(N)) = d—1, by Lemma 2.3, and by induction hypothesis, hy(n)
is a quasi-polynomial for n € Cj of degree d — 1, but combining () we can write
har(n) — ha(n — 7) as a sum of quasi-polynomials and so is a quasi-polynomial for
n € Cy of degree dim(Supp;(N;)). Therefore, d = dim(Supp,+(N;)) + 1 which is in
fact the degree of Pyy. 0

Remark 2.5. Since giving a quasi-polynomial of degree d on 3,71, ..., 7, is equivalent
to give a collection of polynomials fs(n) € Z[n| of total degree < d (at least one of them
has total degree d) for all § € Ilg, the previous result can be interpreted as follows: If
we consider, for each § € Ilg, the submodule of M

M§+F = @ Mé—i-ml’h +etmeyro
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has a standard multigraded structure, so the Hilbert function will be asymptotically a
polynomial, that is f5. And by considering P sell, Ms.r, we cover all the pieces of M
of multidegrees in the cone Cj. -

Remark 2.6. If we consider a standard graduation then the Hilbert function of M is
polynomial in 7 indeterminates for ny, ..., n, large enough. See for example [10], [14].
In the non-standard case, some cases have been studied. For instance in [15] and [18],
it has been studied the case in which the generators have multidegrees (1,0, ...,0),
(d?,1,0,...,0), ..., (d},...,d"_;,1) € N'. In this case, the Hilbert function is a
polynomial in 7 indeterminates for (ni,...,n,) in a cone of Z". Other references are
[12] and [17]. A more general setting was studied by J.B. Fields in his PhD thesis,
[7] (see also [8]). He proves that the Hilbert function of a N"-graded module is quasi-
polynomial in a region of Z". In his proof, but, the cone it was not explicit. For our
purposes we need to control the cone where the Hilbert function coincides with the
Hilbert quasi-polynomial. For this reason we have given in this section a proof of the
existence of Hilbert quasi-polynomial adapted to our setting.

3. ASYMPTOTIC DEPTH OF MULTIGRADED MODULES

In this section we will use the behavior of the Hilbert function of the Koszul homology
modules of a multigraded module M in order to study the asymptotic depth of the
homogeneous components of the module M. That is why we start the section by
recalling the definitions of the Koszul complex and the Koszul homology modules of a
multigraded module M.

Let S be a Noetherian positively multigraded (N"-graded) ring. Let xq,...,25, € S
be homogeneous elements of multidegrees k,,...,k, € N" respectively. Let F' be a
free S-module F = @;_, S(—k;), with basis ey, ...,es. We consider the homogeneous
morphism of multigraded modules f : F' — S defined by f(e;) = x;. Then the Koszul
complex K,(x1,...,xs S) is the homological complex such that the n-th graded piece
is

Ky(xy,...,258) = /\nF
and the differential d,, : A" F — A" F is defined by

dn(ar Av- Nap) =D (=1 fla;) ay A+ ANy A A,
i=1
We define the Koszul homology modules as the homology modules of the Koszul
complex, so, for n > 0 we define the n-th Koszul homology module as the multigraded
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S-module
Kerd,

- Im dn+1 ’
For a multigraded S-module M, we can consider the homological Koszul complex

H,(z1,...,25,8) = Hy(K.(21,...,2:.5))

K.(xy,..., x5 M) with respect to x,...,xs as the complex given by
Kp(xy, ..., M) = Kp(xy,...,255) ®s M
with differentials d,, ® idys. It is clear that K, (x1,...,xs M) has a structure of multi-

graded S-module. In the same way, we define the Koszul homology modules of M
as

Hy(xq,...,25; M) = T (dy 1 @ iday)
for n > 0. The modules H,(x1,...,xs; M) are finitely generated Z"-graded S-modules
and for all n > 0 and k € Z" it holds H,(z1,...,xs; M) = Hp(x1, ..., x5 My).

We know that (x1, ..., z) kills the homology module Hy(z1, ..., zs M) forall k € N,
[3] Proposition 1.6.5, so Hy(z1,...,xs; M) are S/(z1,...,xs)-modules. In the case
that (Sp,m) is a Noetherian local ring and xy,...,zs is a system of generators of
m we get, from Proposition 2.4, that there exists the Hilbert quasi-polynomial of
Hy(xy,...,xs; M). This is the key tool in the proof of Theorem 3.2.

Let S =@, cnr
S is generated over Sy by elements

Sy, be a Z"-graded ring, where (Sp, m) is a Noetherian local ring, and

P U A s

with g{ of multidegree v; = (74,...,7:,0,...,0) € N" with 7 # 0, foralli =1,...,r
and 7 = 1,..., ;. Let M be a finitely generated Z"-graded S-module. We want to
study the asymptotic depth of the multigraded pieces M,,. In our setting, by asymptotic
we will understand the elements n € N” in a suitable cone Cg. In the graded case,
r = 1, this is the same as considering a large enough n. In the standard multigraded
case, it is the same as considering elements n € N” with large enough components n;
for all © = 1,...,r, since in this case the cone is defined as the elements m € N" such
that m > .

Remark 3.1. For a finitely generated multigraded S-module N, one can see that
Supp41(N) = 0 if and only if there exists an element 3 € N” such that N, = 0 for all
n € Cg. The first implication is the more difficult and it is proved in Proposition 2.4 in
[6]. From now on we can assume that all multigraded modules M in the paper satisfy
that Supp,, (M/mM) # 0. Otherwise, there exists a § € N” such that M, = mM,, for
n € Cg, and in that case depth(M,,) = oo for all n € Cj.
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In the following theorem we generalize part of Theorem 1.1 in [11] to the non-
standard multigraded case. In our case, the Hilbert function of the Koszul homology
is not always a polynomial, but a quasi-polynomial in a cone of N", so we will not be
able to assure constant depth in a cone, but in a sub-net of it. In other non-standard
multigraded settings in which the Hilbert function is eventually polynomial, we could
assure constant depth in all the cone.

Theorem 3.2. Let M be a finitely generated Z"-graded S-module with
Supp, (M/mM) # 0. There exist an element 5 € N" and an integer p € N
such that, B
depth(M,) > p
foralln € Cs, and
R depth(M,) = p
for some § € llg and for alln € 641 C Cs.

Proof. Let x1,...,x, be a minimal set of generators of m. To simplify the notation,
we denote X = z1,...,x,. If My =0, then depth(Mj) = oo that is clearly greater than
any p. By [3], Theorem 1.6.17, if M # 0,
depth(My) = n — max{i | H;(x; Mj) # 0}.
Since dim(Supp;(M)) > —1 for any Z"-graded S-module, we define
¢ = max{i | dim(Supp;+(H;(x; M))) > —1}.

Then, for all ¢ > ¢, dim(Supp4(H;(x;M))) = —1. Since H;(x; M) is a finitely
generated Z"-graded S-module, by [6] Proposition 2.4, there exists a cone Cg C N7,
with 5, € N", such that for all k € Cg , it holds H;(x; M), = 0. Thus, taking a 8 > B,
for all @ > ¢, we conclude that for all k € Cp, with My # 0,

depth(My) > n —c = p.

On the other hand, since dim(Supp,;(H.(x;M))) = d > 0, there exists a quasi-
polynomial P of degree d > 0, i.e.;, P # 0, and a cone (]ﬁ, C N” with vertex at ﬁ' e N"
such that for all k € Cy

lengthg, (He(x; M)y) = P(k).

We can assume that § = ﬁ', readjusting the cone if it is necessary.

This means that for any ¢ € Ilg in the basic cell, see Remark 2.5, there exists a
polynomial fs € Z[n] such that P(k) = fs(k) if k =0 + >, ni7yi, with n; € N. Since
d is the maximum of the total degrees of these polynomials fs for § € Ilg, this means
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that at least one of these polynomials has total degree d, but we cannot control the
degree of the others. So, there is a § € I3 such that fs has total degree d. Therefore,
lengthg, (He(x; M)) = fs(k) # 0 for all k € §+ . Hence Hy(x; M), # 0 for all
ked +7F, which is a sub-net of Cj.

In conclusion, we have proved that depth(My) = n — ¢, which is a constant value,
forall k € § + ' C Cp, with M # 0. d

Remark 3.3. Observe that we cannot assure that the depth will be constant in all the
cone, as it would be desirable, since we cannot control the degrees of all the collection
of polynomials that define the quasi-polynomial. So, if all the polynomials have non-
negative degree, i.e. they are not identically zero, we can assure contant depth in all the
cone. In general we cannot improve this result. If we consider M = S as a multigraded
S-module, it is clear that for all £ € Cs \ I', we have M, = 0, for any cone Cz C N7,
so depth(Mj) turns out to be diferent in Cs NT from the rest of the cone. -

Remark 3.4. Note that if there is a cone Cs where depth(M,,) = oo for n € Cp, there
cannot be a sub-net § + I in another cone C, where depth(},,) takes a finite value,
since C3 N (0 +T') is a sub-net of a cone in Cg N C,.

When the quasi-polynomial is, in fact, a polynomial (see [10], [15], [18]), we can
assure the constant depth in all the cone. In fact, in this case, in the second part
of the proof of Theorem 3.2, we have that H.(x; M), # 0 for £ € Cp, and hence,
depth(M,) =n — ¢ = p for all k € Cj. -

Corollary 3.5. Let S be an N"-graded algebra generated over Sy by elements of degrees
(1,0,...,0),(%,1,0,...,0),--+ , (%,%,%,...,1) € N". Let M be a finitely generated Z"-
graded S-module. There exist an element 3 € N" and an integer p € N such that

depth(M,) = p

forn € Cp.
In particular, if S is a standard N"-graded algebra, there exist an element 3 € N
and an integer p € N such that

depth(M,) = p

Jorn >3
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From now on, let us consider the multigraded Rees algebra associated to some ideals
I, ..., I, of a Noetherian local ring (A, m),

Ra(li,.... L) = @ Lty - It C Alty,. . 1),

neN”

For k =1,...,r let us consider the k-th associated multigraded ring of Iy, ..., I, in
A,
VAR HURRRY K Ra(ly,... 1)
r 7. (A) = ! k L = A A A
arn,..., L«,Ik( ) @ I{Llj}?k-i-ljﬁr IkRA(Il,uer)

neN”

They are finitely generated standard Z"™-graded Ra([i,...,I,)-modules, in both
cases, and each component, R4([y,..., 1), and gry, 1.1, (A),, is a finitely generated
A-module.

In the next proposition we generalize Theorem 1.2 in [11] in order to study the depth
with respect to m of the pieces of the previous multigraded modules. For the rest of
the section we will assume that Suppi(gry,...1,.1,(A)/mgry, . 1.1.(A)) # 0 for all
k=1,...,r, otherwise depth(I]"* - -- I") = depth(I}" --- [* /" --- [*T . ') = 00
for n > (3, for some 8 € N, as we explained in Remark 3.1.

Proposition 3.6. There exist elements 3, ﬁk € N and integers a, 0, € N, for k =
1,...,r, such that

depth(I{*---I") = «

foralln = (ny,...,n,) > 8, and

JrLL [
depth ( ! r ) =6,

ni ng+1 n
Il Ik ..._[T'r

foralln = (nq,...,n,) > [, and for any k=1,... 7.

Proof. By Corollary 3.5 applied to the modules Ra({1,...,I,) and gry, . 1.1, (A), there
exist some 3, 3, € N" and integers «, 6, € N such that depth(I" --- I'") = aforn > 3,
and depth (I - Ipr /I - Lo I) = 6y for all o > 6, O

In [11], Theorem 1.2, it was proved that é; = @ —1 when r = 1. In our case we want
to prove that 6 = a—1forall k=1,...,r, and hence §; = --- = J,. In order to prove
this, we first need the next lemma generalizing Lemma 1 in [16].
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Lemma 3.7. Let (A, m) be a local ring and I C A an ideal. Let xq, ..., x, be a minimal
system of generators of m, and let M be a finitely generated A-module. Then, there
exists a positive integer ¢ such that the induced morphism

H,(z1,..., 00 I'M) — H,(zy,..., 2, I°M)
is zero for all | > c.

Proof. Let K, = K.(z1,...,2,;A) be the Koszul complex of A with respect to
T1,. .., 2. Since Im(dpy1 @ idpyy) = ['m(d, 1 @ idyy),

(K, @ I'M) N Ker(d, @ idy)

H,.(x:I'M) =
(X’ ) ]l Im(dn+1 (24 ’LdM) ’

where x = x1,...,x,.
By the Artin-Rees lemma, there exists a positive integer ¢ such that for all [ > ¢ it
holds

I'NK, ® M) NKer(d, ®idy) = I'"“(I°(K, ® M) NKer(d, ® idyy)).

Now, since H,(x; I'M) is killed by the elements of (zy,...,z,) = m, [3] Proposition
1.6.5, and I C m, then

I'¢(I°(K, ® M) NKer(d, ®idy)) C 1°Im(dpp1 & ida).
Therefore,

I'K, ® M)NKer(d, ®idy) = I"°(I°(K,® M) NKer(d, ®idy))
C I°‘Tm(dpy ®idyy).

Thus, the induced morphism
H,(x;I'M) — H,(x; I°M)

is zero for all [ > c. 0

Now we can prove that all asymptotic depths for the multigraded pieces of the k-th
associated multigraded ring in Proposition 3.6 coincide.

Proposition 3.8. Forallk=1,...,r

5k:Oé—1.
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Proof. By Proposition 3.6 there exist positive integers «, ¢, and @0, @k e N, for k =
1,...,r, such that
depth(I{*---I'") = «

for all n = (n1,...,n,) > B, and
JrLL
depth ! r =
P (]{ll...]ﬁﬁl...[gr) F
foralln = (ny,...,n,) > ék If 8 € N" is an element such that 3 > @i, componentwise,
for all « = 0,...,r, then all asymptotic depths hold for n > .
For all k =1,...,r, and n = (ny,...,n,) € N” we consider the exact sequence of
A-modules
n ng+1 n [1TL1 e [;lr
0— It e s —0.

m ...[’?kﬂ oo I

Assume first the case a > 1. For all n > (3, by depth counting on this exact sequence,
we have that a

O > min{o,a — 1} = o — 1.

Assume that 6, > o — 1. Let x = x1,..., 2z, be a minimal system of generators of

m, then
a =depth(I{" - I') =n —max{i | H;(x; I --- 1) # 0}
and so for all n > f3,
o3 I 1) £,

On the other hand,

N
6, = depth L u
K p ([{H...ng“...[pr)

JECI
= n—max{i| H; | x; ! . 0
{i] < [{ll...[gkﬂ...[y)# }

> a—1

and hence, in particular,

...
Hi—at1 <X; ]?1 - ]]?kJrl R ];}r) =0
From the long exact sequence of homology, we have that

0 o ( [?1 e [Tm )
= n—a X; -
+1 I ot e

N Hn_a(X;I{Ll .. .I]?k+1 .. ];LT) — Hn_a(x; I?l .- ];LT) — ...
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and thus, H,_o(x; [T - I ) — H,_o(x; I7" - - - I™) is an injective morphism
for n > 3. By composition of injective maps, we get

Hyyo (36 I - IR Iy o H (3 I I )

is injective for A > 7 > 1 and n > .

Moreover, by Lemma 3.7, there exists a positive integer ¢ such that for [ > ¢ the mor-
phism H,_o(x; I7* - I 1) — Hy o (x 1P - I [ is zero. Therefore,
Hy o(x; I - I )y =0 for 1> 0 and n > 3, that give us a contradiction.

Hence,

5k:a—1

forall k=1,...,7.
Assume now the case @« = 0. In this case, H,(x;I{"---I") # 0 for all
n > (. We know that 6 > 0, so HHH(X;QI.#)

1
1'1"'1 I:k+ I’,T‘l'r‘

H,(x; [ - I 1) — H,(x; I --- 1) is an injective morphism for n > 8.

Reasoning as in the previous case, we get that H,(x; I["" --- [** ... ") = 0 for [ > 0

= 0, and therefore

and n > (3, giving us again a contradiction. In this case the contradiction comes from
the assumption that a = 0. Therefore this is not a possible case. O

We are interested now on the depth of A/I7"-.-I" for n large enough. In
this case, we cannot apply directly results like Theorem 3.2 or Corollary 3.5, since
@D, A/ --- I does not have a multigraded module structure as the multi-Rees al-
gegra or the associated multigraded ring have. In this case, we can take advantage
of the constant asymptotic depth of these last two modules and the relation with
A/I - - - I by means of some short exact sequences of A-modules where we can use
the depth counting techniques.

If we denote by 6 =0 = a — 1, for all k = 1,...,r, then from Proposition 3.6 and
Proposition 3.8 we get

Corollary 3.9. There exists a 3 € N" such that for all n > (3 it holds

depth(I{*...I'") =6+ 1

M.
depth( Lt > =4
I e e

and

forallk=1,...,r.
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Let 8 € N" be as in the above Corollary, that is from where all the previous asymp-
totic depths hold.

Theorem 3.10. There exist an element € € N and an integer p € N such that

A
hl————)=p<
dept (]?1...[;}7) p=9

Jor all n > €. Moreover, if there exists an n > [ such that depth (
then p = 9.

— | >4
[{ll...[ﬁr) =

Proof. We write

A
o) = dentn (7

and we denote by ey, ..., e, the canonical basis of R".
For all £ =1,... r there is the short exact sequence of A-modules
ne- I A A
0— — 0.

]{11...]’Zlk+l".lnr_>]'1n«1'._]]?k+1”'lnr_>I?1...IT7‘1T
T '
Using depth counting on this exact sequence we have that for n > (3,

(1) d > min{d(n +ex),d(n)+ 1}
(2) din+e;) > min{d(n),d}

Assume now that there exists an n, > 3 such that d(n,) > . By (2), we deduce
that d(ny + ex) > 9, and then by (1), we get that d(ny+ex) =9 forall k =1,...,7.
Using recursively (2) and (1) we deduce that d(n) = ¢ for all n > n,. We put € = n,.

Assume now that for alln > g it holds d(n) < 4. By (2) we have that d(n+ex) > d(n)
forall k =1,...,r, since, by hypothesis, d(n+ey) < §, using (2) recursively we deduce
that § > d(m) > d(n) for all m > n. So, d(n) is an increasing function, bounded from
above by 0. Therefore, there exists an element ¢ > 3 such that

d(n) = p
for all n > e. O

Although in this paper we have not studied bounds for the asymptotic depth of a
multigraded module in the more general case, we can take advantage of the formula
proved by Hayasaka in [9], Theorem 4.1, in the standard multigraded case, to bound
the asymptotic depth of the modules A/I{" --- I/'.
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Proposition 3.11. Let p € N be the asymptotic depth of A/I{* ---I'". Then,

L. I
pgdim(A)—dimProjT< Rally,... ) )

mRA(Ih Cee ]T)

Proof. By Theorem 4.1 in [9],

, [ Rally,.... 1) _ ) Alty, ...t ,

Proj’ 1 < dim Proj" [ 20ttt ) 4y A) — p.
dim Pro] (mRA(Il,...,m Pl dimProit{ oy gy ) P e
Since dim Proj” (%) = 0,we get

. o [ Rally,.... 1) ,
Proj” < A) — p.
dim Proj (mRA<[17--~7[r) < dim(A) —p

O

Remark 3.12. As a corollary of the results of this section we partially get Theorem

3.3 in [1], concerning the asymptotic depth of standard graded modules, [9], Theorem

3.1 in the standard multigraded modules case, and [11], Theorem 1.1; all of them in

a standard framework. Notice that [9], Theorem 3.1, is deduced from the asymptotic

stability of Ass(M,,). Here we get a direct proof by using the Hilbert quasi-polynomials
of the Koszul homology. The asymptotic stability of Ass(M,,) is an open question that

we do not address here.

10.
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