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COHOMOLOGICAL PROPERTIES OF NON-STANDARD

MULTIGRADED MODULES
GEMMA COLOME-NIN AND JUAN ELIAS

ABSTRACT. In this paper we study some cohomological properties of non-standard
multigraded modules and Veronese transforms of them. Among others numerical
characters, we study the generalized depth of a module and we see that it is invariant
by taking a Veronese transform. We prove some vanishing theorems for the local
cohomology modules of a multigraded module; as a corollary of these results we get
that the depth of a Veronese module is asymptotically constant.

INTRODUCTION

In commutative algebra, graded modules are object of study for many authors as
well as standard multigraded ones. For graded modules it has been studied also the
non-standard case, however then non-standard multigraded study is not so common.
A general reference on the subject could be [3].

Along this paper S is a non-standard N"-graded Sp-algebra finitely generated by
elements of multidegrees v; = (v4,...,74,0...,0) € N, with 4! #£ 0, for i = 1,...,7.
For some of the results in the second part of the paper, we need to restrict our setting
to the almost-standard case, which is with positive multiples of the canonical basis of
R" as a multidegrees of the generators.

The main purpose of this paper is to study some cohomological properties of multi-
graded S-modules and, in particular, of the Veronese modules associated to a non-
standard multigraded S-module M. We mainly study the vanishing of the local coho-
mology modules of M and of Veronese modules of M, generalizing some results on the
depth of Veronese modules associated to Rees algebras proved in [3].

In the section 1 we extend several results on homogeneous ideals of Z-graded rings to
homogeneous ideals of non-standard Z"-graded rings, Proposition [L1. By considering
the multigraded scheme Proj"(S) we define the projective Cohen-Macaulay deviation
of a multigraded modules and we link this number with the generalized depth, studied
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by Brodmann and Faltings (see [I] and [4]), Theorem L3l As a corollary we prove that
the generalized depth remains invariant by taking Veronese modules, Proposition [L.4]

In the first part of section two we prove, under the general hypothesis on the degrees
of S, that the depth of the Veronese modules M® is constant for special asymptotic
values of b, Proposition 21l In the second part of the section we extend to a non-
standard framework the notion of finitely generation, [I0]. Under some special degrees
of S we prove that the generalized depth of a multigraded module coincides with its
finitely graduation order, Theorem 2.8 We use it to get that the depth of the Veronese
modules M (@Y is constant for large a,b € N”, Theorem 212}, and we apply this result
to the multigraded Rees algebras associated to a finite set of ideals, Proposition 2.15

See [9] and its reference list for more results on the Cohen-Macaulay and Gorenstein
property of the multigraded Rees algebras.

NoTATIONS. Along the paper we use the underline to denote a multi-index: a =
(ar,---,a,) € Z'. We write |a| = > ._, |a;|. Given a,b € Z", a.b is the termwise
product of @ and b, and @ > b if, and only if, a; > b; foralli =1,...,r. Forall A € Z
we put A= (A, ,\) € Z".
Given integral vectors v; = (v},...,74,0,...,0) € N, i =1,--- r, such that ~! # 0,
we denote by ¢ the map
¢ L' — /s
noE— D Y
notice that Im(¢) = I'(v1, -+, 7 ) is the subgroup of Z" generated by ~;, i = 1,--- 7.
We will denote by G the r x r triangular matrix whose columns are the vectors
Y1, ---,%- Notice that G is a non-singular matrix and that the multi-index tyy; +- - -+
t,7, is the column vector Gt.
Given a € N*" we denote by ¢, the map
o LW — 7
n o ¢u(n) = d(n.a),
with ¢u(n) = ¢(n.a) = > i, (nia;)v; for all n € Z".

Let S = @, cnr
mogeneous elements gf, j=1,---, u;, of multidegree ~; for : = 1,--- ,r; the number of

S, be a Noetherian N"-graded ring generated as Sy-algebra by ho-

generators of S is u = py + - - - + p,. Notice that S = @,er Sy, with I' =Ty, -+, 9,).
We assume that Sp is a local ring with maximal ideal m and infinite residue field.

Fori=1,...,r, let I; be the ideal of S generated by the homogeneous components
of S of multidegrees (dy,...,d;,0,...,0) with d; # 0. We define the irrelevant ideal
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of Sas Sy = I1---1,. As usual we write S, = @®,205, O Si4. Notice that in the
graded case, i.e. 7 = 1, these two ideals are the same S, = 5, ;.

The Veronese transform of S with respect to a € N*, or (a)-Veronese, is the ring

S@ = P Ssum)-

neN”

This is a subring of S. The degrees of the generators of S@ have the same triangular
configuration as the degrees of S.

Given an S-graded module M we denote by M (@Y the Veronese transform of M with
respect to a,b € N*" or (a, b)-Veronese,

M@t — EB Mg, (n)+b-
nezr
This is an S@-module. Notice that in the case of b = (0,...,0) we get the classical
definition of Veronese of a module.

Let M be a finitely generated S-module. By using a similar argument as in [0],
Lemma 1.13 and Lemma 1.14, see also [3], we can prove that the local cohomology
functor and the Veronese functor commute

L(g)(M(M)) = (H;A<M))(Q’Q)

where M is the maximal homogeneous ideal of S, i.e. M =m@ S, and a,b € N*.
For the basic properties of local cohomology we use [2] as general reference.

1. GENERALIZED DEPTH AND VERONESE MODULES.

In this section, we study, in our multigraded setting, some properties of a multigraded
module and the Veronese transform of a module. These properties allow to us to study
the generalized depth of a multigraded module and its Veronese.

Let Proj"(S) be the set of all relevant homogeneous prime ideals on S, which is the
set of all homogeneous prime ideals p of S such that p p S, .. Notice that p S,y
if and only if for each 1 < i < r there exists 1 < j(i) < u; such that gf(i) ¢ p. Given
an homogeneous ideal p C S we denote by U the multiplicative closed subset of S
formed by the homogeneous elements of S\ p; we denote by S, the set of fractions
m/s € U7'S such that deg(m) = deg(s) € N"; Sj,) is a local ring with maximal ideal

D U-1tsn S(p).
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In the next proposition we prove several results relating properties of non-standard
Z7-graded rings and modules with their Veronese transforms.

Proposition 1.1. (i) For all p € Proj"(S) the ring extension
Sy — S
is faithfully flat with closed fiber k(p).

(ii) For all a € N'", the extension S'9 — S is integral, dim(S@) = dim(S) and there
s an homeomorphism of topological spaces

Proj"(S“) = Proj"(s).
For all p € Proj’(S) it holds ht(p?)) = ht(p).

(7i1) Let M be a finitely generated S-module. For all p € Proj"(S) and b € N", it

a,b
holds M) = M(b)p)-

Proof. (i) Since p 2 Sy, for each i € {1,--- ,r} there exists a generator gg(i) ¢ p,
1 < (i) < ;. In particular gf(l) eUforalli=1,---,r.
Let us consider the ring map

- S(p)[T17T1717 U 7TT7TT‘71] I UﬁlS

defined by ¢(7;) = gg(i) and (T, ') = (gf(i))*l, t=1,---,r. We will prove that ¢ is
a ring isomorphism.
Let m/s be a fraction of U1S; let D =Y | Divi, D; € N, be the degree of m, and
let d =>""_, divi, d; € N, be the degree of s. We define
¢ = Ty
i=1

Hence, let us consider the identity

m m .\
Lo (B
S S

Notice that 2t € S, and that ¢~ = o([];_, TPi=%), so ¢ is an epimorphism.
Let 2 = > 7 caT™ be an element of the ring S, [Ty, Ty, -+, T, T'] such that
p(2) = D pezr cﬂnzzl(gj(i))”i =0,n = (n1,...,n,). Since ¢, € S(), we can write

)

Cn = Gy /b, with deg(a,) = deg(b,), a, € S and b,, ¢ p. We write

i1 ()7 (g )
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with (/™) (g/")me € S and (7)o (gh7) T € S\ py e iy, m, >
0 and n;,,...,n; <0.

Now,

()= an(gh™)m (g 0
P 2 0 gy (g0,

=/ E(gjl ) "'(gjt ) g
and by reducing to a common denominator we get

dn i (21)\n; ts)\n;
()= el (gl =0

Now, deg(b) = deg(dﬂ) + 22:1 —15. Vi -
Hence there exist § € U such that,
Z od, gil(u) iy (gis(zs )ris = 0.

nezr

We have that if A, = dd,(g/")™1 ... (g/"))™s #0, then

deg(A,) = deg(d) + deg(d,) + Z ni, i, = deg(0) + deg(b) + Z niYi-
k=1

Since the r X r matrix (7, ,7,) is upper triangular and non-smgular, the degrees
deg(A,) are different when n ranges Z". Hence we get A, = 0 for all n € Z".
Let us consider the following identities in S(,)
o dalg?) (g Al (g e
b ' (g™ (gl
so z = 0, and hence ¢ is a monomorphism.
Let us consider the multiplicative closed subset W = U~'S\ pU~'S . Then S, =
WU —1S], furthermore

Sp = Wﬁl(S(p)[leTflu tU 7TT7TT‘71:|>'

From this identity we deduce that the ring extension Sgy — S, is faithfully flat. A
simply computation shows that the closed fiber of S¢,y — S, is k(p).

(7i) First we prove that the ring extension
S@ ., g

is integral. Let € S be an element of degree n € Z". We write n = Y., b'y;,
a=ay --a., and r = (%,z = 1,---,r). Then it is easy to se that an = ¢,(r), so
2% € Sg,n = (SW),. Hence z is a zero of f(T) = T* — 2 € SW[T]. Therefore S is
integral over S@ and then dim(S@) = dim(9).
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Notice that p 7 S, if and only if p@ = pnS©@ % SEL%)F, so we can define a continuous
map
¢: Proj"(S) — Proj"(S@)
D — p@
this map is surjective and closed since the the extension S@ < S is integral.
The map © is injective: let py, ps € Proj”(S) such that pi? = p@. Given z € py,
by the argument done in (i) we have

a* € pNSW = ng) = Pég) C P2,

SO T € po, i.e. p; C po. By the symmetry of the problem we have p; = p,. Hence 1 is
an homeomorphism of topological spaces.
The identity ht(p@) = ht(p) follows from the above homeomorphism.

(7ii) Notice that we always have

(a,b)
M(p(g)) C M(b))-

In fact, let m/s be an element of M ((5(’5))), it means that m € (M®Y), = My, ()45 and
s € (89), = Sy, but s ¢ p@9, n e Z. Since s € 5@\ p@ we have that s ¢ p, so
m/s € M(b) ).

Let m/s € M(b)(,) be a fraction such that deg(m) — b = deg(s) = n € N” and
s ¢ p. Since s is an homogeneous element of degree n, we can decompose s in a sum
of monomials on the generators gf of S: s = s1+ -+ s, with deg(s;) = n for all

i=1,...,t. Since s € S\ p, there exist k € {1,...t} such that s; ¢ p. If we write

T

Sk = H ﬂ(gg)dga

=1 j=1
d! € N, so

?:1 d! # 0 there exist a generator gf ® ¢ p.

Let o0y, | € {1,---,e}, be such a non-zero coefficients. For each [ = 1,--- e, let
¢, € N\ {0} and f;, € N\ {0} be non-negative integers such that

Since s, ¢ p, for each coefficient o; =

o + Ciyy = filail'

We put ¢; = fi =0 for all ¢ ¢ {iy,---,i.}. We define

= [l ¢p
=1
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Since s ¢ p is homogeneous, zs ¢ p is still homogeneous and then

deg(zm) — b = deg(zs) = deg(zsy,) Z fiaivi = da((f1s - fr)),

som/s=(zm)/(zs) € M(%(’s))).
0

Given an ideal p € Spec(S) we denote by p* the prime ideal generated by the
homogeneous elements belonging to p, see [5] section 2. We can relate the depths of
the localization on a prime p with the localization on p*.

Proposition 1.2. Let us assume that S is a catenary ring. Let M be a finitely gen-
erated Z"-graded S-module. Given an ideal p € Spec(S) such that p 7 Sii and
M, # 0, then it holds

depth(M,) + dim(S/p) = depth(M+)) + dim(S/p*)
Proof. We put d = dim(S,/p*S,). From [5], Proposition 1.2.2 and Corollary 1.2.4,
we have that depth(M,) = depth(M,-) + d and dim(M,) = dim(M,-) + d. On the
other hand, since S is catenary we have dim(S,) = dim(S) —dim(S/p) and dim(S,-) =
dim(S) — dim(S/p*). From these identities we get
depth(M,) + dim(S/p) = depth(My+) + d + dim(S) — dim(S,)

= depth(M,) + d + dim(S) — dim(S,«) — d

= depth(M,) + dim(S/p*).
Since the morphism S,y — S, is faithfully flat with closed fiber k(p) we get, ﬂﬂ:ﬂ
Theorem 23.3, that depth(M,-) = depth(M,-)). From this we get the claim.

Let M be a S-graded module. We denote by pemd(M) is the projective Cohen-
Macaulay deviation of M, i.e. the maximum of
dim(5(,)) — depth (M)

where p € Proj"(95), see [3].

We denote by gdepth(M) the so-called generalized depth of M with respect to the
homogeneous maximal ideal M of S, gdepth(M) is the greatest integer k& > 0 such
that

S, Crad(Anng(H},(M)))
for all i < k, see [7]. Notice that gdepth(M) > depth(M).
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In the case of being Sy a quotient of a regular ring, we can relate these last two
integers. This relation is crucial in order to prove that the generalized depth of a
module coincides with the one of its Veronese transform. Next theorem generalizes
Proposition 2.2. in [§].

Theorem 1.3. Let M be a finitely generated S-graded module. If Sy is the quotient of
a regular ring then

gdepth(M) = dim(S) — pemd(M).
Proof. From [4], Satz 1, (see also [10]) we get
gdepth(M) = miél{depth(Mp) + dim(S/p)}
pE

with ¥ = {a |a € Spec(S),a 5 S, }. From Proposition [[.2 we get that
depth(M,) + dim(S/p) = depth(M ) + dim(S/p"),
so we can assume that p € Proj"(S). Therefore we get

gdepth(M) = min (S){depth(M(p)) + dim(S/p)}.

pe Proj”
Since S is catenary dim(S/p) = dim(S) — dim(S(,)), and hence

gdepth(M) = dim(S) — maxye proj(s){dim(S()) — depth(My,)}

= dim(S) — pemd(M).

Now, we can prove the invariance of gdepth under Veronese transforms:

Corollary 1.4. Let us assume that Sy is the quotient of a reqular ring and let M be a
finitely generated S-graded module, then it holds

gdepth(M@Y) = gdepth(M)
for all a,b € N*".
Proof. From Theorem we get
gdepth(M@Y) = dim(S9) — pemd (M @),

and from Proposition [T (ii), dim(S@) = dim(S). Now, again from Proposition [LT|(iii)
we deduce
dim(S@) — pemd(M@?) = dim(S) — pemd (M (b)).
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Again from Theorem [[3] gdepth(M (b)) = dim(S) — pemd(M (b)). Using the defini-
tion of gdepth we have that gdepth(M (b)) = gdepth(M), and so we get the claim

gdepth(M@Y) = gdepth(M).

b))
(b)

2. VANISHING THEOREMS AND ASYMPTOTIC DEPTH OF VERONESE MODULES.

In this section we introduce the generalization, in the multigraded case, of the con-
cept of fg(M), which in the graded case controls the finitely graduation of the local
cohomology modules of a graded module M with respect to the maximal homogeneous
ideal of S. We prove some results on the vanishing of a module and its local cohomol-
ogy modules and we relate this with the generalized depth. For that goal, we have to
fit the generalization of fg, that we call I'-fg, to the multigraduation. We also study
the asymptotic depth of Veronese modules. We can prove that this depth is constant
for (a,b)-Veronese modules for a,b in suitable asymptotic regions of N” by using the
previous work done in the paper.

We want to study the depth of the Veronese modules M (@Y for large values a,b € N'.
Under the hypothesis on the multidegrees of this paper we can prove the following
results by considering some Veronese modules.

We denote by vad(M®™) (resp. vad(M**)) the Veronese asymptotic depth of M,
that means the maximum of depth(M@) (resp. depth(M(@b))) for all @ € N*" (resp.
for all a,b € N*7).

Proposition 2.1. Let s = vad(M™). There exists a = (ay,...,a,) € N such that
forallb € {(Maq,..., \a,) | N\ € N*}
depth(M®) = s

15 constant.
Proof. Let s = vad(M ™), this means that there exist an a € N*" such that
Hiyw(M®) =0
fort=0,...,s—1.

Let us consider b € {(Aaq, ..., \a.) | A € N} = {Aa | A € N}, Then for all
n € 7", since ¢p(n) = ¢(b-n) = ¢p(a-An) = ¢,(A-n), we have that

j\/((g)(M(b))n = Hh(M)%(n) = H/i\/t(M)@(A-n) = Hj\/z(g)(M(g))A@ =0
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for i = 0,...,s — 1. From this, we deduce that depth(M®) > s, but s was the
maximum. Therefore,

depth(M®) = s
for all b € {(Maq, ..., \a,) | A € N} O

Let us consider the multigraded Rees algebra associated to ideals [y,...,I. in a
Noetherian local ring (R, m),
R(L,....L)= @ 1y - 1T C R[Ty,..., T,

neN”

Proposition 2.2. Let s = vad(R(I4,...,1,)™). There exists a = (ai,...,a,) € N
such that for all b € {(May, ..., \a,) | Ay € N*}

depth(R(I¥, ..., IV)) = s.
Moreover, if depth(R(Iy,...,1.)) = s, then

depth(R(I, ... I')) = s
is constant for all b € N*",

Proof. Notice that the multigraded Rees algebra has a standard graduation and hence,
for a = (ay,...,a,),

RIM, ... 1) =R(I,,..., 1)@
and then the claim is a consequence of the previous proposition. The second statement
follows from the first one by considering a = (1,...,1). O

We would like to extend the previous results on the asymptotic depth of the Veronese
modules to regions of N” instead of some nets there. First we have to study the
vanishing of the local cohomology modules of a multigraded module M.

A cone C3 C N” with vertex at § € N” with respect to v;,...,7, is a region of N"
whose pointg are of the form [ + 2;1 ANivi € NTwith A\; e Ryp fori=1,...,7r.

Given n = (ny,...,n,) € 7" we denote n* = (Inal, ..., |n.|) € N".

If M be a finitely generated Z"-graded S-module generators hy, . .., hs of multidegrees
d'=(d,....dY),....d° = (d,...,d°) € Z respectively then we denote by I'y; the T-

invariant subset of Z"
S

i=1
i.e. Z" \ I'ps is the set of multi-index for which there is no non-zero elements of M.
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Lemma 2.3. Forall 3 € Z" and c € N there exists o € I'y such thata > ¢ = (¢, -+, ¢)
and o € B+ T.

Proof. The condition @ € (8+T) N (d' +T) can be translated to the equation
dl

a=d +Gt=[+Gn,
SO
n=t+G'(d' - p).
Hence for a £ > 0 we get that n>0,so a € [y N (B +1T) and a > c. O

Proposition 2.4. Let M be a finitely generated 7" -graded S-module such that S, C
rad(Anng(M)). Then there evists 3 = (B1,...,05,) € I'ns such that M,, = 0, for all
n € Z" such that n* € Cp.

Proof. We prove the result first assuming that M is N" generated, i.e. we as-

sume that hp,...,hs; are the generators of the S-module M with multidegrees
(di,....dY),....(d;, ... d5) € N" respectively. Let a = (ay,...,q,) € Z" be the maxi-
mum componentwise of these multidegrees, i.e. a; = max{d},--- ,dé}, i=1,--- r.

The elements of M,, n € N", are linear combinations with coefficients on Sy of
elements of the type

g1t . g hy
where, using multiindex notation, g, = (g})™ - - (g/*)™" with m, = (m},...,m}") €
N#t. This element has multidegree
sy dj
n=deg(g™...g,hy) =G (1 |+
|| d;

Let u be a non-negative integer such that (S, )*M = 0. We define 3 recursively:
Bi=ui+ B+ B+

fori=mr -, 1
Given a multi-index n = B4+ >, Ay € Cs NIy, Ai > 0, we have to prove that
M,, = 0. This is equivalent to prove that if
A1 B |m‘ d]i
n=G| |+ i |=G| |+
)\1 ﬁr |&| dj
then [ma| > w+ A, -+, |my| > u+ A
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We will prove by recurrence a stronger result:

Bi +Xi > mil > u+ N\
for i =1,--- ,r. From the definition of 3, = uy, + o, and

B+ Ay = [maly + ]
we deduce

Wr(lme| = (w+ ) = ap — dl > 0.
Since v, > 1 we get
Imy| > u+ A

On the other hand

Br+ A = my| = dp+ (77 = D(Ime| = Ar) 20

Let us assume that 8, + A, > |m,| > u+ Ao, B + A1 > [miga| > u+ Mgy we
will prove that ; + A\; > |m,;| > u+ \;, ¢ > 1. We have

Bi Avi + A1+ A = i Imasa it 4 Imela] + d]

SO
r

Yi(u+ N — |my]) + Z V(B + N — ) +a; — dl = 0.
I=i+1
By induction we deduce
| = u+ A
A simple computation shows that

T

B+ A= il = (3F = DIl = M)+ 3 Akl = A) + & > 0.
I=i+1

Hence we have proved that M, = 0 for all n € Cj.

Let us assume now that M is generated by hy,...,hs with multidegrees
(d},....dY),...,(d5,...,d5) € Z" respectively. Let ¢ = |min{0,d,j = 1,--+,s,i =
1,---,r}. Let N be the following submodule of M:

N=E M,

n=>0

From Lemma there is @ € I'j; such that o > c and a € I'yy N (B(N) +I'). Since
C, C Cﬁ and o > ¢ we get that M,, =0 for all n € Z" and n* € Cg. O
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Corollary 2.5. Let M be a finitely generated Z"-graded S-module and N C M a
submodule. We assume that (S;4)"(M/N) =0 foru € Z. Then there exists 3 € I'pyn
such that M, C Ny, for alln € Z" such that n* € Cg.

Proof. 1t is only necessary to use Proposition [24] with the finitely generated module
M/N. There will exists a cone Cg where (M/N),, = 0 for n* € Cjs, and hence M, C
N,. O

We say that a S-graded module M is T'-finitely graded if there exists a cone Cg C N
where M,, = 0 for all n € Z" such that n* € Cj3. We denote by I'fg(M) the greatest
integer k > 0 such that HY, (M) if T-finitely graded for all i < k, see [10].

Remark 2.6. Notice that in the standard graded case, i.e. r = 1, the definition of
I-fg(M) coincides with the classical

fo(M) = max{k > 0 | H,(M) is finitely graded for all i < k}.

In this case a module is finitely graded if the pieces of degree n are 0 for |n| > ng, for
some ng € N, which is, in fact, a cone with vertex in ng, so

f(M) = T-fg(M).

From now on we assume that the ordering is almost-standard. By almost-standard
multigraded (or Z"-graded) ring S we mean the multigraded ring with generators of

multidegrees

= (1,0,...,0) =vie;

v =(0,...,0,70,...,0) = 7le;

/YT‘ — (0, .. ,O”y:) = 7567’
with 7{,...,7, > 0 and ey,...,e, the canonical basis of R". Notice that in this case
we have

Cp = (B+ (Rx0)") NN
for all 8 € Z". Notice that the intersection of two cones is a cone:
CoNCp=Cs
with 0 = (max{a;, 3;};i=1,---,71).

An important point in the proof of the main proposition, is to assure that H% (M)
is I-finitely graded for all £ > 0 in case that the module M is I'-finitely graded as well.
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For that reason we have to restrict the graduation to the almost-standard case. We
prove that in the next proposition.

Proposition 2.7. Let M be a finitely generated Z"-graded S-module. If M is I'-finitely
graded then HY,(M) is also T'-finitely graded for all k > 0.

Proof. Since M is I'-finitely graded, it means that there exist an element 3 € N" such
that M, = 0 for all n € Z" with n* € Cj3. We want to prove that H% (M), = 0 for
n € 7" with n* € Cp as well. -

Since HY, (M) — I'y(M) C M, then we have directly the claim for k = 0. Let us
assume that k& > 0.

The ideal M is generated by a system of generators of m, say hq,--- , h,, and by gf,
jg=1--,p,i=1---,r. If we denote by f1,---, f, the above system of generators
of M then the local cohomology modules H (M) are the cohomology modules of the
Koszul complex

O—)M_>@Mfi - @ Mfifj _>"'_>Mf1---fa — 0.

i=1 1<i<j<o

The module H%,(M) is S-graded: the grading is induced by the grading defined on
the localizations M,, where g is an arbitrary product of £ different generators of M.
Given z = x/¢" € M, we have

deg(z) = deg (ﬁ) — deg(z) — ¢ deg(q).

If we assume that deg(z) = n with n* € Cj then there exist a vector e = (ey,...,¢,) €
{—1,+1}" such that e.n = B+ GA with \; € R>. We denote here £.n for the termwise
product of € and n. So,

n=c.(8+GA).
On the other hand we may assume, without loss of generality, that deg(g) = Gk with
k= (ky, - ,ky0,--+,0) with k; #0,4=1,--- ,w. Hence we have
deg(xg”) = deg(2) + (t + s) deg(g) = £.(8+ GA) + (t + 5)GE

for all s > 0.
We want to prove that deg(xg®)* € Cp, for some s > 0, so we have to assure that
there exists i € (R>g)" and n € {—1,+1}" such that

n.[e.(B+ GA) + (t + 5)GE] = 5+ Gp.
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Fori=w+1---,r we have the equation
mi €(Bi + Nivi) = Bi + s

we set n; = ¢; and pu; = \; > 0.
Fori=1,---  w we set n; = 1, and then we have to consider the equation

ei(Bi + Aivp) + (t+ )k = Bi + pa;.

If &, =1 then
i = X + (t+ s)k; > 0.
If &, = —1 then
ui:—Q%—)\i—l—(ths)kiZO

for an integer s > 0.
We have proved that Hj, (M), = 0 for n € Z" with n* € Cy, so Hy,(M) is T-finitely
graded. 0

In the next result we relate the two integers attached to M studied in the paper,
gdepth(M) and T'-fg(M). The first part of the next result follows [10], Proposition 2.3.
or [I2], Lemma 2.2. Since these papers use extensively results on Z-graded modules
we will adapt them in the almost-standard multigraded case that we consider here.

Theorem 2.8. Let M be a finitely generated S-graded module, then it holds
['-fg(M) = gdepth(M).

Proof. First we prove the inequality I'-fg(M) < gdepth(M). If H}, (M) is I-finitely
graded then there exists a cone C'z with vertex in some § € N, such that Hi (M), =0
for all n € Z" with n* € Cj. N

We have to prove that S,, C rad(Anng(H},(M))), i.e. for all generator z =
gt gt of Sy m € {1, ik, i =1, 7, we have to find a suitable a > 0 such
that for all n € Z", x*H'((M),, = 0.

If n* € Cy then Hj, (M), =0, so for all @ > 0 it holds x*H (M), = 0.
We put a =2 max{f,---, 0.} Let us assume that n* ¢ Cjs. That means that, without

loss of generality, that —3; < n; < ;, 1 =1,...,u, and |n_l\ > Gifori=u+1,---,r.
If we decompose © = 22y with z; = g{™ -+ - g™ and 2z, = ¢, ;7" - g/, then

(n+ deg(27))" € C,
so 28 H'\((M), = 0. Furthermore

“Hjy, (M), = 0.
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Notice that a does not depends on n so we have proved that S,, C
rad(Anng(H',(M))), and hence

I-fg(M) < gdepth(M).

Now, we prove the other inequality, I'-fg(M) > gdepth(M).

If Sy C rad(Anng(M)) then there exists a € N such that forall x € S, x*M = 0.
Since M is finitely generated, by Lemma [2.4] there exists a cone C3 C N” with vertex
in some 3 € N", such that M,, = 0 for all n* € Cs. Then by Propasition 2.7 for all
Hiy (M) is D-finitely graded, so D-fg(M) = +o00 > gdepth(M).

We can assume that S, & rad(Anng(M)). Let Ass(M) = {p1,...,p:} be the set
of the associated prime ideals of M. Let us consider a minimal primary decomposition

of 0 e M
0=NN---NN,NANesq1 N---N N,

where Ass(M/N;) = {p;}. We can assume that pi,...,ps do not contain S, , and
Ds+1, - -+, D¢ contain Sy .

Since the residue field of Sy is infinite there is an element z € S, such that z ¢
p1U---Ups. We will prove that (0 :p; 2) is a [-finitely graded S-module.

Since z & p; U---Ups, then (0 :py 2) € NyN---N N, In fact, since N; is a p;-
primary submodule of M and z ¢ p;, then (N; :p; 2) = N;. This last equality is well
known: let us assume that there exists z € (N; :pr 2) \ Vi, so zx € N,;. Since N;
is pi-primary z" € (N; :g M) C p; for some n > 0, so z € p;, contradiction. Thus,
(0 2) C(N;imz)=N;foralli=1,...,s.

On the other hand, by the definition of primary submodule, p; = rad((N; :r M))
for alle =1,...,t. In particular, for i = s+ 1,...,t, since Sy, C p;, there is an a € N
such that S¢, M C N;. Being M finitely generated, by Corollary .35, there exists a
cone Cg C N" with vertex in some 3 € N" such that M, C (N;), for all n* € Cj.

By cgmbining these two facts we get -

(047 2) C (NN NNyN Nysy N+ N Ny), =0

for n* € Cp, so (0 :pr 2) is I-finitely graded. Therefore, H},((0 :ps 2)) is also T-finitely
graded for all i >0 by Proposition 2.7

Since I'-fg((0 :ps 2)) = 400, from the first part of the proof we get gdepth((0 :p,
z)) = 4o00. Let us consider the exact sequence

0 0: M — 0.
—>( Mz)—> H(O:MZ)—>
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Since I-fg((0 :p 2)) = gdepth((0 :py 2)) = +oo from the long exact sequence
of local cohomology we deduce I'-fg(M) = I-fg(M/(0 :p z)) and gdepth(M) =
gdepth(M/(0 :ps 2)). On the other hand there exist b € N such that 2°Hi (M) = 0 for
all i < gdepth(M). Hence we may assume that M is a S-module for which z € S is
a non-zero divisor and zH', (M) = 0 for all i < gdepth(M).

We will show by induction on ¢ that if 0 < ¢ < gdepth(M) then ¢ < I'fg(M). The
case ¢ = 0 is trivial. Let us assume that ¢ > 0, and let us consider the degree zero
exact sequence, r = deg(z),

- M
0 M(— — M — 0.
— (f)_> —>2M—>

From the long exact sequence of local cohomology we get gdepth(M) — 1 <
gdepth(M/zM), so

0<c—1<gdepth(M) —1 < gdepth(M/zM).
By induction on ¢ we get ¢c—1 < T-fg(M/2M). In particular H5*(M/zM) is [-finitely
graded. Let us consider the exact sequence on n, for n* € Cp,
0= Hjy,*(M/zM), — Hiy (M) — Hjy (M),
Since 2H{, (M) = 0 we deduce HS,'(M) is I-finitely graded. Hence ¢ < I'-fg(M). O

It is an easy consequence, now, the invariance of I'-fg under Veronese transforms:

Corollary 2.9. Let S be an almost-standard graded ring such that Sy is the quotient
of a regular ring. If M is a finitely generated S-graded module then for all a,b € N*"
it holds

D-fg( M@y = P-fg(M).

Proof. 1t follows immediately from Theorem and Corollary [L.4] O

Definition 2.10. Let M be a finitely generated graded S-module. We denote by

oy N x N — N
the numerical function defined by Syr(a,b) = depth(M@Y) a b € N*. We write
du(a) = oum(a,0).

Before studying the asymptotic depth of the Veronese of a module, we need a tech-
nical proposition. The following result does not work on the more general multigraded
case, so the restriction to the almost-standard case is necessary.
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Proposition 2.11. Let C3 C N" be a cone of vertex at 3 € N". For allp € N", b € Z"
such that b; > B; if n; = 0, and a € N" such that a; > (8; + b;)/7t, i = 1,...,r, we
have that

(¢a(n) +0)" € Cp.
In particular, for all b > 3 and a € N" such that a; > (3; + bi) /i, i =1,...,7, we
have that for alln € 7"

(¢a(n) +0)" € Cp.

Proof. For n € Z" we have that ¢,(n) +b = (ayn17y] + by, ..., an7" + b,) and hence,

(¢a(n) +0)* = (lasmyg +bil, -, larmy + byl).
We have to find conditions on a,b € N*" in order to assure that (¢,(n)+b)* € Cjp for
all n € Z". So, we have to impose that for all 7 = 1,...,r, there exist some \; € R>g

such that |a;n:y! + b;| = B; + Ayl Since 4¢ € N*, then it is only necessary to assure
that |a;ny! +b;| > B foralli=1,... 7.
If n; # 0, since |a;n;y! + bi| > |ainyi| — |bi| = |nilaiy! — b;, then we have to impose
that
nalaiy; — b > 6

which is equivalent to

i + b
a;";
Hence we must impose that
i+ b;
a; > b —t
Vi
i=1,---,r. If n; = 0 then we have to impose b; = |b;| > G, i =1---,r.
The second part of the result follows from the first one. O

Now, we are ready to prove the theorem that assures constant depth for the (a,b)-
Veronese in a region of N” x N".

Theorem 2.12. Let M be a finitely generated graded S-module and let s = vad(M ).
Assume that Sy is the quotient of a regular ring. The numerical function dp is asymp-
totically constant: there exists 3 € N" such that for all b > 3 and for all a € N" such
that a; > (B; + b;)/~: it holds

5M(Qa l_)) = S.
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Proof. We put s = vad(M®*)), thus
I-fg(M) = gdepth(M) = gdepth(M©@?)) > s

by Theorem and Corollary [[4l Since I'-fg(M) > s there exist a a cone Cz C N”,
B € N", such that H\ (M), =0foralln € Z" with n* € Cgand i = 0,...,s —1.

By Lemma ZTT] for b > 8 and a € N such that a; > (B;+b;)/viforalli=1,...,r,
we have that (¢,(n) +b)* € Cp for all n € Z". Hence, we get that for all n € Z",

Hijyio (M), = (Hp (M) @), = (H}y(M))g, ()45 = 0
because (¢4(n) +b)* € Cs. So, we have proved that
Hj\4(g)<M(g’Q)> =0
fort=0,...,s— 1. Therefore,
depth gy (MED) > 5.

and by the definition of s we get the claim. OJ

In the next result we generalize [3], Proposition 2.1, to general Z-graded modules.

Proposition 2.13. Let M be a finitely generated graded S-module. Let us assume that
S is Z-graded and that Sy s the quotient of a regular ring. The numerical function dpy
is asymptotically constant: there exist s(M) € N and o € N such that for all a > «a it
holds

Proof. If s = s(M) = vad(M®)) then
I-fg(M) = gdepth(M) = gdepth(M@) > s

by Theorem and Corollary [L4l Since I'-fg(M) > s there exist an integer 8 € N,
such that H' (M), =0 for all n € N with [n| > S and i = 0,...,s — 1. From the first
part of Proposition 2101 for all a > a; = 3/~ we have that

Hijo (M), = (Hjy (M) )y = Hjy(M)an = 0
for all n # 0. On the other hand we have

Hjo (M D)o = (Hiy (M) @)o = Hy(M)o = 0
fort=0,...,s— 1. So, we have proved that

g (M) =0
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for i =0,...,s — 1. Therefore,
depth ) (M) > s,
and by the definition of s we get the claim. O

Corollary 2.14 ([3], Proposition 2.1). Let R be a Noetherian local ring quotient of a
regular ring. Let I C R be an ideal. Then the depth of R(I) is constant for a > 0.

For the multigraded Rees algebra, the best approach to the solution of the problem
is the following proposition.

Proposition 2.15. If R is the quotient of a regular ring, there exist an integer s and
B € N" such that for allb > 3 and a > 3+ b it holds

depth g (17 -+ - IPYR(I, -+ 1)) = s.
Proof. Notice that, since the Rees algebra R(Iy,-- -, I,) is standard multigraded,
R(I,- - ,[r)(ﬂ,é) - ([{n C IR T,

with a = (ay,...,a,) and b = (by,...,b.). Now, from Theorem we get the claim.
O

See [9] and its reference list for more results on the Cohen-Macaulay and Gorenstein
property of the multigraded Rees algebras.
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