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L| K Galois extension with Galois group the alternating group Ag.
For m = 3,6, let mAg be the non trivial m-fold cover of Ag. We
consider the Galois embedding problem

mAg — Ag ~ Gal(L|K). (1)

A solution to (1) is a field L such that Gal(L|K) ~ mAg and the
diagram

Gal(L|K) — Gal(L|K)
K K
mA(; — A@
commurtes.
Aim: e Explicit expression for the obstruction to the solvability
e [ixplicit construction of the solutions



A, alternating group, n > 4.
2A,, the non-trivial double cover of A,,.

For n # 6,7, 2A,, is the universal central extension of A, i.e. we
have a commutative diagram

1 — {+1} — 24, — A, — 1
l ! ]

—~—

l1— H — A, — A, — 1

for any central extension 1 — H — ;lvn — A, — L.

For n = 6, 7, the universal central extension is

6An — <glv <. 7971 27 Z|gl — g (gz 1gi)3 — (g]gk)2 — 237

(9194) = =z, 9] = 1)
(1<:<5,1< <k—1k 5,(J, k) # (1,4),1 <t <5).



The obstruction to the solvability of the Galois embedding problem
G — G ~ Gal(L|K), with A := Ker(G — G) abelian, is given
by infe € H*(Gg, A), where G is the absolute Galois group of
K, e € H%G, A) represents G and inf : HX(G, A) — H*(Gx, A)
is the induced morphism between cohomology groups.

Theorem. Let K be a field of characteristic # 2, a, € H*(G, {£1})
corresponding to 2A,, n > 4. Let f(X) € K|X] be an irre-
ducible polynomial of degree n with Galois group A,, let L be

its splitting field. We consider the Galois embedding problem
2A, — A, ~ Gal(L|K). Then

1. (Serre, 1984) infa, = hw(Qg)-(2,dg), where £ = L1,
Qe(X) :=Trgxk(X?), dg = disc(E|K).

2. (T.C. 1989) the general solution to 2A,, — A, ~ Gal(L|K)
is L(\/T7), forr € K*, and where the element v € L is giv-

en by an explicit formula in terms of minors of a quadratic
form base change matrix.



Let F' denote a field containing Q(u15). The group 3Ag is the

subgroup of the special linear group SL(3, F') generated by the
matrices

I 00 -1 0 0
Er=(0c¢ o] , EB,=l0 0 —1] |,
0 0 G 0 —1 0
| I 2 2 | 1 2X9 2
E3:— 1 s ¢ , E4:— )\1 S t ,
V5 1 t s V5 Mt s

where (5 is a primitive b5th root of unity, s = C52 + Cg’,t = (5 + Cé,

Vo=t—s5 AN =(—1£+v=15)/4, Xy = (-1 F /—15)/4.

Under the projection of SL(3, F') onto the projective group PGL(3, F),
3As is mapped onto Ag, the matrices B, Es, Fs3, B4 are mapped

to the permutations (12345), (14)(23), (12)(34), (14)(56) of Ag re-
spectively.



Theorem (+7. Hajto, 2005) Let K be a field of characteristic
0, containing the 15th roots of unity . Let f(X) € K[X] be a
polynomaal of degree 6 with Galois group Ag, L a splitting field
of the polynomial f(X).

There exists an algebraic variety () in the dimension 9 pro-
jective space defined over K, such that the Galois embedding
problem

(GEP) 3A¢ — Ag ~ Gal(L|K)

15 solvable if and only if () has a point defined over K.

Let V;, 1 < j <10, be ten K-vector subspaces of L such that
the action of Ag on each of them corresponds to the unique
irreducible dimension 10 representation p of Ag and such that
the sum of the V; is a direct sum. Let Fy;, 1 <1 < 10, be a basis
of V;, 1 <3 <10, such that F;; — Fj. defines an isomorphism
of Ag-modules from V; onto V.. The vectors Fi; can be chosen
such that the extension L — L(v/G1), where Gi = > a7,
with (aq, ..., a1) in Q(K), is a solution to (GEP).



The group 6Ag is isomorphic to the subgroup of SL(6,Q((3)),
where (3 denotes a primitive third root of unity, generated by

(100000\ (010000\
001000 00000
010000 000100
A==1o00010 |2~ 20o0o00o0 |°
000100 000001
000001 \ 000010
and the epimorphism 645 — Ag can be given by A — (2,3)(4,5),
B — (1,4,3,2)(5,6). For K a field containing Q((3), we obtain a

representation

P - A6 — PGL(6, K) = Aut(M(;X(;(K))

and a commutative diagram

6A6 — A6

l Lp .
SL(6,K) — PGL(6, K)



Let us denote by B the twisted algebra of Mgy«s(K) by the
l1-cocycle p : Ag — Aut(Mgxs(K)). By a theorem of Frohlich, the
obstruction to the solvability of the embedding problem
64 — Ag >~ Gal(L|K) is given by the class of the algebra B
in the Brauer group Br(K) of the field K.

By computation, we obtain that B is the subalgebra of Mgyg(L)
whose elements M = (m;;)1<; j<¢ satisfy

5)
m;;, = Zk:O )\kxf, )\k - K

_ 5 4 kol - -
mi; = Zij Zkzo ZZZO PRI X5, [kl € K,i+# j,
where

o r;,1 <1 <06, denote the roots in L of the polynomial f realizing
the group Ag over K,

® z;; is a linear combination of
(xk1+xk2)<xk3+xk4)v (xk1+xk3><xk2+x/€4)v (x/ﬂ—i_xm)(xkz_'_x/%)a
with coefficients 1, (3, €5, and {1, j, k1, ko, k3, ka} = {1,2,3,4,5,6}.



We can see that the diagonal matrices in B are of the form

(:plooooo\’“
5 025 0 0 0 0
ZAkoogc?)ooo
2 00 0 x4 0 0
00 0 0 = 0

\ 0 0 0 0 0 )

hence form a subfield of B isomorphic to the field £ = K(xy)
obtained by adjoining to K one of the roots of the polynomial f
realizing Ag over K. As [E : K]* = dimygB, we obtain that E
is a splitting field of the algebra B, i.e. B ® E is isomorphic to a
matrix algebra over .



[f L|K is a finite Galois extension of number fields, G ~ Gal(L|K),
G a group extension of Gz, to the embedding problem

G — G ~ Gal(L|K),
one can associate the local embedding problems

~

Ggp — Ggp =~ Gal(Lm‘Kgp),
where Ly| Ky is the local field extension at a prime 3 of K and és,p

is the preimage of Gy in G. Then the global embedding problem
is solvable exactly when all local problems are.

Moreover, if Lys| K is unramified, every Galois embedding problem
defined over Lg| Ky is solvable.



The embedding problem 6A¢ — Ag >~ Gal(L|K), for K a num-
ber field containing a third root of unity, is then solvable if and
only if the corresponding local embedding problems at places of
K ramifying in L are solvable. It is then enough to compute
B ® Kyg| € Br(Ksy), for the ramified primes of the extension
LK.

It is known that every central simple algebra over a non-archimedean
local field is a cyclic algebra. If F'is a field containing a root of
unity ¢, of order n, an F-cyclic algebra is generated by elements
X, Y satistying the relations

X"=a,Y"=bXY =YX,

[ts class in the Brauer group of F' is given by the Galois symbol
(CL, b)F



Set A = M6><6(K).

[f the embedding problem 6 A4 — Ag ~ Gal(L|K) is solvable, then
Bl =0 € Br(K). Therefore, we have a K-algebra isomorphism
g: A— B.

On the other hand, the fact that B is the twisted algebra of A by the
l-cocycle p : Ag — Aut(A), provides an L-algebra isomorphism
f:A®kg L — B®g Lsuch that f~1f7 = p(0), for o € Ag.

By Skolem-Noether theorem, the isomorphisms g ® L and f differ
in an inner automorphism of the L-algebra B ® L and we obtain
the following result.

(T.C. 1991) If 645 — Ag ~ Gal(L|K) is solvable and z is an
invertible element in B ® L such that f(a) = zg(a)z™! for all
a € A, then the general solution to the embedding problem is

L (4T).

for r € K and where N denotes the reduced norm in B ® L.



