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Abstract

A number of formulas involving localizations, although apparently
unrelated, show common features. We prove general facts about lo-
calizations and adjunctions with the aim of separating which steps in
the proofs of those formulas are special and which steps are merely
formal. In doing so, we obtain several new results, some unexpected,
and dualize the whole approach.
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1 Comparison morphisms

We start by recalling terminology and basic facts about adjunctions and
monads, as can be found e.g. in [24, Chapters IV and VI|. If C and C’ are
categories, we write

F:c=C:aG
to denote a pair of adjoint functors, with F' left adjoint and G right adjoint.
Thus, there are natural bijections of morphism sets

C(FX,Y)2C(X,GY) (1.1)

for all X in C and Y in C’. We denote by ¢': X — GY the adjunct of a
morphism ¢: FX — Y, that is, the image of ¢ under the bijection (1.1),
and by ¥': FX — Y the adjunct of a morphism v : X — GY. Adjuncts of



identities define natural transformations n: Id — GF (unit) and e: FG — Id
(counit), which determine in their turn the adjunction by ' = ey o F'i) and
"= Gponx.

If :C=C:(G isan adjunction, then (GF,n,GeF') is a monad, i.e., a
triple (7,n, 1) with n: Id — T and p: TT — T such that poTu = po uT
and poTn = ponT =1Idy. A monad (T, n, ) is called idempotent if p is an
isomorphism, which we then omit from the notation.

A full subcategory S of a category C is reflective if the inclusion J is part
of an adjunction K : C =2 S : J. The functor L = JK is called a reflection or
a localization on C. The counit K'J — Id is an isomorphism, and the unit will
be denoted by [: Id — L. Thus (L,[) is an idempotent monad. An object of
C is called L-local if it is isomorphic to an object in the subcategory S; hence,
X is L-local if and only if [x: X — LX is an isomorphism. A morphism
g: U — V is an L-equivalence if Lg is an isomorphism or equivalently if, for
all L-local objects X, composition with g induces a bijection

C(V, X) 2 C(U, X). (1.2)

Conversely, the L-local objects are precisely those X for which (1.2) holds
for all L-equivalences g: U — V; see [2] for details.

Definition 1.1. Suppose given a localization L on C and a localization L'
on C’. We say that a functor F': C — C’ preserves local objects if FX is
L'-local for every L-local object X, and we say that F' preserves equivalences
if F'f is an L’-equivalence whenever f is an L-equivalence.

Proposition 1.2. Let F': C 2 C' : G be a pair of adjoint functors. Let L
be a localization on C and L' a localization on C'. Then G preserves local
objects if and only if F' preserves equivalences.

Proof. We only prove that, if F' preserves equivalences, then G preserves
local objects, as the other implication follows similarly. Let X be L’-local.
In order to prove that GX is L-local, let f: U — V be any L-equivalence.
Given any morphism ¢g: U — G X, consider the adjunct ¢*: FU — X. Since
Ff is an L'-equivalence and X is L’-local, there is a unique h: FV — X
such that ho F'f = ¢g*. Then (h'o f)* =exo Fh'o Ff = ho Ff = g*, which
implies that h'o f = g. If k: V — GX is any other morphism such that
kof=g,thenk'oFf =exoFkoFf=exoFg=g"and hence k* = h. [

Theorem 1.3. Let G: C" — C be a functor. Let L be a localization on C
with unit I, and L' a localization on C' with unit I". Then the following hold:



(i) G preserves equivalences if and only if there is a unique natural trans-

formation
a: GL' — LG

such that « o GI' = IG and ax is an L-equivalence for all X. If G
preserves equivalences, then « is a natural isomorphism if and only if
G preserves local objects.

(ii) G preserves local objects if and only if there is a unique natural trans-

formation
B: LG — GL'

such that o lG = GU'. If G preserves local objects, then [ is an
isomorphism if and only if G preserves equivalences.

Proof. For every X in C’, the morphism l's: X — L’X is an L’-equivalence.
Therefore, if G preserves equivalences, then Gl is an L-equivalence. Hence
it induces a natural bijection

C(GL'X,LGX) —» C(GX,LGX)

and ax is uniquely defined by the equality ax o Gl'y = lgx. Since lgx and
Gl'y are both L-equivalences, ax is also an L-equivalence. In order to prove
that « is a natural transformation, we need to check that ay o GL'f is equal
to LG f o ay for every f: X — Y. But this follows from the equality

LGfoaxoGly =ayoGL foGly,

using the fact that Gl is an L-equivalence and LGY is L-local.

Now assume that a exists with the given properties. Then the equality
ax oGl = lgx implies that Gl is an L-equivalence for all X. From this fact
it follows that G preserves equivalences, for if f: U — V is an L’-equivalence,
then GL'f is an isomorphism, and, since GL'f o Gl;; = Glj, o Gf, we infer
that G f is an L-equivalence.

If G preserves equivalences, then « exists, and ay is an isomorphism
if and only if GL'X is L-local, since every L-equivalence between L-local
objects is an isomorphism. This completes the proof of (i).

In part (ii), the existence and uniqueness of § follows from the fact that
lgx is an L-equivalence for every X, and GL'X is L-local since G preserves
local objects. Moreover, one checks that 3 is a natural transformation as in
the proof of part (a). Conversely, if 3 exists, then the equality Sxolgx = Gl
and the assumption that X is L'-local (i.e., Iy is an isomorphism) implies
that GX is a retract of LGX and hence GX is L-local, so G preserves local
objects.



Finally, if 8 exists and it is an isomorphism, then Gl is an L-equivalence
for all X, from which it follows as above that G preserves equivalences;
and, conversely, if G preserves equivalences then Gl is an L-equivalence for
all X, which implies that Sx is an L-equivalence for all X and therefore an
isomorphism for all X, since both its domain and its codomain are L-local
objects. O]

Corollary 1.4. Let G: C" — C be a functor. Let L be a localization on C and
L’ a localization on C'. Then LG and GL' are naturally isomorphic if and
only if G preserves local objects and equivalences. In this case, a: GL' — LG
and 5: LG — GL' are mutually inverse isomorphisms.

Proof. The “if” part follows from part (ii) of Theorem 1.3. For the converse,
note that LG = G'L' implies that G preserves local objects, and the naturality
of the isomorphism adds the fact that G preserves equivalences, since, for a
morphism f, we have that LG f is an isomorphism if and only if GL'f is
an isomorphism. Furthermore, if G preserves local objects and equivalences,
then the equality oo 5 o lG = IG implies that o f = id. O

Corollary 1.5. Let F': C = C': G be a pair of adjoint functors. Let L be a
localization on C and L' a localization on C'.

(i) F' and G preserve local objects if and only if there are inverse natural
isomorphisms «: FL — L'F and f: L' — FL.

(ii) F and G preserve equivalences if and only if there are inverse natural
isomorphisms a: GL' — LG and B: LG — GL'.

Proof. This follows from Corollary 1.4 and Proposition 1.2. O

2 Inducing localizations along adjunctions

Definition 2.1. Let G: C' — C be a functor. Let L be a localization on C
and L' a localization on C'. We say that G reflects local objects if, for an
object X of C’, the assertion that GX is L-local implies that X is L’-local.
Similarly, G reflects equivalences if f is an L’-equivalence whenever G f is an
L-equivalence.

Proposition 2.2. Let F': C = C': G be a pair of adjoint functors. Let L be
a localization on C and L' a localization on C'. Suppose that G preserves and
reflects local objects. Then o: FL — L'F and its adjunct o*: L — GL'F are
1somorphisms if and only if the unit nx: X — GFX 1s an isomorphism for
all L-local objects X .



Proof. Since G preserves local objects, F' preserves equivalences by Propo-
sition 1.2. Then, by Theorem 1.3, the comparison morphism «ax exists for
all X. If the unit nx is an isomorphism for all L-local objects X and G reflects
local objects, then I’ preserves local objects and therefore ax is an isomor-
phism. The rest of the proof follows from the fact that if two morphisms in
the equation o = Gay onpy are isomorphisms, so is the third. O

Proposition 2.3. Let S be a full subcategory of a category C, and let L be a
localization on C. If L preserves S then L restricts to a localization on S, and
the inclusion J: S — C preserves and reflects local objects and equivalences.

Proof. Consider the full subcategory £ of S consisting of all L-local objects
of C that are in §. Then, for each object X in S, the morphism lx: X — LX
is in S by assumption, and, for each Y in £, it induces a bijection

S(LX,Y)=C(LX,Y) 2 C(X,Y) = S(X,Y),

so L restricts indeed to a reflection of & onto £ such that the inclusion
preserves and reflects local objects. If f: X — Y is a morphism in S, then
Lf is an isomorphism in § if and only if it is an isomorphism in C, since J
reflects isomorphisms. Hence, J also preserves and reflects equivalences. [

Recall from [24, Ch. V1] that, if (T, n, 1) is a monad on a category C, then
a T-algebra is a pair (X, a) with a: TX — X such that

aoTa=aopux and aonyx =idy.

A morphism of T-algebras (X,a) — (Y,b) is a morphism ¢: X — Y in C
such that ¢ o a = bo Tp. Thus, the T-algebras form a category C7, called
the Filenberg—Moore category of T, which is equipped with an adjunction
F:CSCT: U where FX = (TX, ux) and U is the forgetful functor, which
reflects isomorphisms. The monad given by this adjunction is precisely 7T'.

If (T,n, p) is idempotent (i.e., (7, n) is a localization), then the category
CT of T-algebras is equivalent to the full subcategory of C whose objects are
the T-local objects.

Theorem 2.4. Let (T, n, ) be a monad on a category C and let (L,1) be a
localization on C. Then the following statements are equivalent:

(a) T preserves L-equivalences.

(b) For every T-algebra (X, a) there is a unique T-algebra structure on LX
such that lx: X — LX s a morphism of T-algebras.



(c) There is a localization L' on the category CT of T-algebras such that
LU 2 UL’ naturally, where U denotes the forgetful functor.

(d) There is a localization L' on the category CT of T-algebras such that the
forgetful functor U preserves and reflects local objects and equivalences.

Proof. We first show that (a) = (b). In order to obtain a: TLX — LX, use
the fact that LX is L-local and T'lx is an L-equivalence by assumption. Full
details can be found in [15, Theorem 1.2], where this implication was stated
and proved.

Next we prove that (b) = (c). For each T-algebra (X, a), let us define
L'(X,a) = (LX,a), where a is given by assumption. Thus,

LU(X,a) = LX = UL'(X, a)

for all X and all a: TX — X. To check that L’ is indeed a localization,
suppose given any morphism g: (X, a) — (Y, b) of T-algebras, and suppose
further that Y is L-local. Then there is a unique morphism ¢’: LX — Y in
C such that ¢’ o lx = g. We just need to prove that ¢’ is also a morphism of
T-algebras, that is, that ¢’ o a is equal to bo T'¢’. This follows from the fact
that Tly: TX — TLX is an L-equivalence and Y is L-local, since

boTg oTlxy =boTg=goa=g olxyoa=g oaoTly.

Now suppose that (c¢) holds. Then Corollary 1.4 tells us that U preserves
local objects and equivalences. To prove that U reflects local objects, suppose
that U(X,a) is L-local. Then [x is an isomorphism. Since ax is also an
isomorphism by Corollary 1.4, we infer that U ZE X,q) 18 an isomorphism. Since
U reflects isomorphisms, l/(X,a) is an isomorphism, so (X,a) is L'-local, as
needed. The fact that U reflects equivalences follows from the equality UL’ fo
Bix.a) = Bevpyo LU f for every f: (X,a) — (Y,b), together with the fact that
U reflects isomorphisms.

Finally, we prove that (d) = (a). For this, just write 7= UF and note
that U preserves equivalences and F' also preserves equivalences by Proposi-
tion 1.2. O

When the equivalent conditions of Theorem 2.4 are satisfied, we say that
L’ is induced by L. Note that, if the monad (T,n, ) is idempotent, then
the conditions of Theorem 2.4 are in their turn equivalent to the condition
that L preserves the class of T-local objects, and in this case the induced
localization L’ is the restriction of L to this class.

If L' is induced by L, then there is a unique natural transformation

a: FL — L'F



under F', such that ay is an L’-equivalence for all X. This follows from
part (i) of Theorem 1.3.

Example 2.5. If L is any localization in the category of groups, then, as shown
in [9, Theorem 2.2|, L preserves abelian groups. This yields a natural group
homomorphism

Qg (LG)ab — L(Gab) (21)
and a natural isomorphism
L((LG)ap) = L(Gap)

for all groups G and every localization L. We note, however, that (2.1) is far
from being an isomorphism in general. For instance, if L is localization at a
set of primes P and F' is a free group of rank n, then (Fp)a, = (Zp)" & T
where T" is a P’-torsion group, as shown in [3]. Thus (Fp)ap, is not P-local,
although ((Fp)ab)p = (Fa )p.

Example 2.6. Let C be the category of abelian groups and TA = R® A, where
R is a ring with 1. Then T preserves L-equivalences for every localization
L on C, since, if f: X — Y is an L-equivalence and Z is an L-local abelian
group, we have

C(TY,Z) =Hom(R®Y,Z) = Hom(R,Hom(Y, Z))
= Hom(R,Hom(X, 7)) 2 Hom(R® X, Z) =C(T X, Z).

Consequently, every localization on abelian groups induces a localization on
the category of left R-modules such that the forgetful functor preserves and
reflects local objects and equivalences.

We remark that the condition that 1" preserves L-equivalences holds for
all localizations L if C(T—, —) depends functorially on C(—,—), as in the
previous example.

3 Inverting one morphism

An object X and a morphism f: A — B in a category C are called orthogonal
if the function
C(f,X):C(B,X)—C(A,X) (3.1)

is a bijection. The objects orthogonal to a given morphism f are called f-local
and the morphisms orthogonal to all f-local objects are called f-equivalences.
An f-localization of an object X is an f-equivalence into an f-local object
Ix: X — LyX. If an f-localization exists for all objects, then L is indeed a
localization on C. The existence of Ly is ensured for all morphisms f if the
category C is locally presentable; see [1].
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Proposition 3.1. Let F : C = C': G be a pair of adjoint functors, and let
f be a morphism in C.

(i) An object X in C'" is F f-local if and only if GX is f-local.

(ii) If Ly and Lgy exist, then there are unique natural transformations
a: FLy — LpgF under F and 3: LyG — GLpy under G, and
ax s an F f-equivalence for all X.

Proof. Let A be the domain of f and B the codomain. For any object X
of C’, consider the commutative diagram

c(B,6x) LY o4, ax)

”‘Vl l:

C'(FB, X)) o1 p A, X)

where the vertical bijections are given by the adjunction. It follows that
GX is f-local if and only if X is F'f-local. Thus, assuming that L; and
Ly exist, G preserves and reflects local objects, I’ preserves equivalences by
Proposition 1.2, and all the claims in part (ii) follow from Theorem 1.3. [

Before stating the next theorem, we recall that, if ' : C = C': G is a pair
of adjoint functors, then F' is a retract of FGF and G is a retract of GFG.
This follows from the equalities

erpx o Fnx = (nx)t =idrpx and Geyo Nay = (c‘fy)t = idgy
for all X and Y.

Theorem 3.2. Let [ : C < CT : U be the Eilenberg-Moore factorization of
a monad T on a category C. Let f be a morphism in C such that Ly exists.

i) There is a natural isomorphism LU = U Lg; if and only if T' preserves
! f
f-equivalences.

(ii) Suppose that T' preserves f-equivalences and Lry exists. Then there
are natural isomorphisms LyU = Ly;U and Lty = Ly if and only if
T also preserves T f-equivalences.

Proof. Suppose first that T preserves f-equivalences. Then Theorem 2.4
implies that L induces a localization L' on CT such that U preserves and
reflects local objects. Hence the L'-local objects are those (X,a) in CT such
that X is f-local. But Proposition 3.1 tells us that U(X,a) is f-local if
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and only if (X, a) is F' f-local. Hence L’ is indeed an F f-localization (which
therefore exists). Since U moreover preserves equivalences, we have that
LU = UlLpy, as claimed. Conversely, the existence of Lpy and the natural
isomorphism LU = U Lp; implies that T" preserves f-equivalences, according
to Theorem 2.4. This proves (i).

Now assume again that T preserves f-equivalences. The fact that F'f
is a retract of FUF f implies that F'f is an FUF f-equivalence, and conse-
quently every F'UF f-local object is F'f-local. We next see that the converse
also holds. If a T-algebra (X,a) is F'f-local, then X is f-local. Since T
preserves f-equivalences, T'f is an f-equivalence. Thus, if we denote by A
the domain of f and by B its codomain, we have a bijection C(T'B, X) =
C(TA,X) induced by T'f. This is precisely C(UFB,X) = C(UFA, X), or
CT(FUFB,(X,a)) 2 CT(FUFA,(X,a)) using the adjunction. Hence, (X, a)
is FUF f-local, as claimed. It follows that Lryps = Lpy.

To prove (ii), suppose that 7" preserves T f-equivalences and that Ly; ex-
ists. Then Theorem 2.4 again ensures that Ly, induces a localization on C7,
which is isomorphic to Lgry by Proposition 3.1. Since FTf = FUF f and
Lrury = Lpy, we obtain that LyU = ULpy, as intended. Moreover, since
TTf is a T f-equivalence by assumption, and T'f is a TT f-equivalence be-
cause T is a retract of T'T, it follows that the classes of T f-equivalences
and 17T f-equivalences coincide, so Lpy = Lppy. Finally, the natural iso-
morphism LyU = ULpy implies that T preserves T’ f-equivalences, again by
Theorem 2.4. O

Example 3.3. If T is an idempotent monad on a category C, and we denote
by J: S — C the inclusion of the full subcategory of T-local objects and by
K:C — § its left adjoint, then, as a special case of Theorem 3.2, we infer,
for a morphism f of C, the following facts:

(i) If Ly preserves S, then there is a natural isomorphism LygJ = J Lk .
(ii) If Ly also preserves S, there is a natural isomorphism L;J = LpgJ.

In fact, the proof is easier, since the counit £ of the adjunction is now an
isomorphism and hence K = KJK.

As an example, let T" be abelianization in the category of groups. Since
all localizations preserve abelian groups, part (ii) tells us that L;A = Ly A
for every group homomorphism f and all abelian groups A. This fact was
observed and used in [15].

Ezample 3.4. As observed after Example 2.6, if C(T—, —) depends functo-
rially on C(—,—), then T preserves f-equivalences for every morphism f.



Therefore, the assumptions that T preserves f-equivalences and T f-equival-
ences in Theorem 3.2 are automatically fulfilled. This is the case, for instance,
if C is the category of abelian groups and TA = R ® A, where R is a ring
with 1. Thus we infer from Theorem 3.2 that there is a natural isomorphism

LM 2 Lpg M (3.2)

for every left R-module M and all morphisms f of abelian groups.

In fact, Theorem 3.2 also tells us that there is no ambiguity in the right-
hand term of (3.2), as it may indistinctly mean the underlying abelian group
of the localization of M with respect to R ® f in the category of R-modules
(i.e., ULpgsM) or the localization of the underlying abelian group of M
with respect to the morphism of abelian groups that underlies R ® f (that
iS, LU(R®f)UM)

4 Homotopical localizations

In the rest of the article we will discuss localizations and adjunctions in a
homotopical context, by means of Quillen model categories [25]. Although
our motivating examples involve only spaces or spectra, we will consider
arbitrary model categories, not even assumed to be simplicial. Instead, we
will assume (as we may —see [20] or [22]) that each model category M is
equipped with functorial homotopy function complexes, which will be denoted
by map y(—, —).

Unless otherwise specified, we will consider enriched orthogonality be-
tween objects and maps. Thus, if M is a model category (with an arbitrary
but fixed choice of functorial homotopy function complexes), an object X
and a map f: A — B will be called orthogonal if

map v (f, X): map (B, X) — map (4, X) (4.1)

is a weak homotopy equivalence. (The terms simplicially orthogonal or ho-
motopically orthogonal have been used in other articles.) Since there is a nat-
ural bijection between momap(X,Y’) and the set [X, Y] of homotopy classes
of maps from X to Y, enriched orthogonality implies orthogonality in the
homotopy category HoM.

As in [16], the fibrant objects that are orthogonal to a given map f will be
called f-local, and the maps that are orthogonal to all f-local objects will be
called f-equivalences. An f-localization of an object X is an f-equivalence
into an f-local object Ix: X — LyX. If it exists for all X, then Ly defines
a localization on the homotopy category HoM. The existence of L and
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its functoriality on M are ensured for all maps f if M satisfies suitable
assumptions; see [16], [20]. This is certainly the case for the model categories
of (pointed or unpointed) simplicial sets, Bousfield—Friedlander spectra, or
symmetric spectra [23]. For convenience, we will assume, without loss of
generality, that [x: X — LyX is a cofibration for all X.

In order to study interaction between such localizations and adjunctions
as in the previous sections, we need to deal with enriched Quillen adjunctions
as well. Recall from [25] or [22] that two functors F': M — M and G: M’ —
M between model categories are called a Quillen pair if they are adjoint and
F (the left adjoint) preserves cofibrations and trivial cofibrations while G
(the right adjoint) preserves fibrations and trivial fibrations. If this is the
case, then they define a derived adjoint pair

F :HoM S HoM' : G (4.2)

between the corresponding homotopy categories, which we keep denoting
with the same letters if no confusion can arise.

Definition 4.1. An enriched adjunction F : M — M’ : G between model
categories is a Quillen pair together with a natural weak homotopy equiva-
lence

map . (FX,Y) ~ map (X, GY) (4.3)

for all X in & and Y in &', whose value at 7 coincides with the bijection
given by the derived adjunction (4.2).

If we assume that a model category M is simplicial, with simplicial en-
richment denoted by Map(—, —), then map ,,(X,Y) = Map(QX, RY) defines
functorial homotopy function complexes, where () is a cofibrant replacement
functor and R is a fibrant replacement functor. If M and M’ are simplicial
model categories, then a Quillen pair F' : M — M’ : G gives rise to an
enriched adjunction if and only if F' and G satisfy the following equivalent
conditions:

e The left adjoint F' commutes with the tensoring up to homotopy, i.e.,
K ® FX ~ F(K ® X) naturally for every simplicial set K and X
cofibrant.

e The right adjoint G commutes with the cotensoring up to homotopy,
ie., (GY)X ~ G(YX) naturally for every simplicial set K and Y fibrant.

The next result is a translation of Proposition 3.1 to the homotopical
context.
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Proposition 4.2. Let F : M = M’ : G be an enriched adjunction, where M
and M’ are model categories with functorial homotopy function complezxes.
Let f be a map in M. Then the following statements are true:

(i) An object X in M’ is F f-local if and only if GX is f-local.

(ii) If Ly and Lpy exist, then there are unique natural transformations
a: FLy — LpgF under F and B: LyG — GLpy under G, and
ax 15 an Ff-equivalence for all X.

Proof. Let A be the domain of f and B the codomain. Let X be any object
of M’ and consider the commutative diagram

map(f, GX)

map (B, GX) map (A, GX)
map . (FB,X) map(f, X) map . (FA, X),

where the vertical equivalences are given by the enriched adjunction. It
follows that GX is f-local if and only if X is F'f-local. Then part (ii) follows
as in the proof of Proposition 3.1. O]

Example 4.3. The model category of groupoids has a simplicial enrichment
given by Map(G, H) = NFun(G, H), where Fun(G, H) is the groupoid of
functors G — H. All groupoids are fibrant and cofibrant, and nerves of
groupoids are fibrant simplicial sets. Furthermore, the simplicial function
complex Map(X, NG) has only two possibly nonzero homotopy groups if X
is a simplicial set and G is a groupoid. Thus, fundamental groupoid and
nerve form a Quillen pair

m:85et S Gpd: N
which lifts to an enriched adjunction
Mapgpa(TX, G) ~ mapgge (X, NG).
Then Proposition 4.2 yields a morphism of groupoids
ax: mLiX — Lys(nX) (4.4)

for all X, which is the natural 7 f-equivalence discussed in [11].
If we consider pointed simplicial sets, then there is also an adjoint pair

7 : HosSet, = Grp : N,
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where 7 now denotes the fundamental group. If, for a pointed map f,
we consider the localization Ly on HosSet, and L, sy on groups, then N
preserves and reflects local objects. Thus Proposition 3.1 yields a natural
m f-equivalence

ax: m (LX) — L p(m1 (X))

for all X, which is a “discrete” version of (4.4). Conditions under which ax
is an isomorphism were given in [15].

It should be possible to extend (4.4) to higher dimensions by using a suit-
able category of algebraic models for n-types (for example, n-hypercrossed
complexes [8]), in which homotopical localizations can be effectively com-
puted, as done in [11] for the model category of groupoids. This would yield
relevant information on the n-type of L¢X, which is usually difficult to relate
with the n-type of X.

5 Preservation of module spectra

Next we formulate analogues of the results in Section 3 for ring spectra and
module spectra. As in [13], we work in the model category Sp of symmetric
spectra with the positive model structure, which is described in [26].

Let E be a cofibrant ring spectrum. Let F-Mod be the category of
(strict) left E-module spectra with the model structure transferred from Sp;
thus, weak equivalences and fibrations are F-module maps that are weak
equivalences and fibrations of the underlying spectra, respectively.

Then the forgetful functor U: E-Mod — Sp has a Quillen left adjoint F',
given by FX = F A X for all spectra X. Smashing with £ converts indeed
cofibrations of spectra into cofibrations of E-modules. By [23], there is a
natural isomorphism of spectra

Homg(E A X,Y) = Hom(X,UY) (5.1)

for all cofibrant spectra X and fibrant E-modules Y, where Hom is the
internal hom in the closed monoidal model category Sp, and Hompg is the
corresponding internal hom in £-Mod. Both model categories are simplicial,
with simplicial enrichments given respectively by

Map(X,Y); = Hom(X,Y)*" and Mapy(M,N); = Homg(M, N)*",

where the cotensor in Sp is described in [23] and the cotensor in E-Mod is
created by the forgetful functor. Therefore, (5.1) implies that

F:Sp< E-Mod : U
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is an enriched adjunction, as claimed. Note that the homotopy groups of the
simplicial set Map(X,Y') are the same as those of the connective cover of the
spectrum Hom(X,Y'), and similarly with Mapg(X,Y'). Hence, a spectrum Z
is f-local if and only if it is fibrant and Hom®(Q f, Z) is a weak equivalence of
spectra, where () is a cofibrant approximation and the superscript ¢ denotes
connective cover. As explained in [12], L; commutes with suspension if and
only if the f-local objects are those fibrant Z for which Hom(Qf, Z) is a
weak equivalence. Similar remarks hold for E-modules.

We say that two functors F' and F” from a category C to a model category
M are naturally weakly equivalent if there is a zig-zag of natural transforma-
tions between F' and F”’ that are weak equivalences at every object of C.

The following result, which was proved in [13], is a precise statement of
the fact that f-localizations preserve F-module spectra.

Theorem 5.1. Let E be a cofibrant ring spectrum and f any map of spectra.
Let U be the forgetful functor from left E-modules to spectra. Suppose that
esther E/ is connective or Ly commutes with suspension. If M is an E-module,
then lyar: UM — LiUDM is weakly equivalent to Uy UKM — UL'M,
where:

(a) K and L' are functors that preserve weak equivalences;
(b) \: K — L' is a natural transformation;
(¢) K is naturally weakly equivalent to the identity functor.

Proof. The proof is based on the fact that pairs (£, M) where E is a ring
spectrum and M is an F-module are algebras over a certain coloured operad
P in simplicial sets with two colours acting on Sp. Under suitable assump-
tions, f-localizations preserve algebras over cofibrant coloured operads, and
P,.-algebras are weakly equivalent to P-algebras in the category Sp. Details
can be found in [13, Theorems 7.3 and 7.7]. O

Theorem 5.2. Let E be a cofibrant ring spectrum and f any map of spectra.
Let U be the forgetful functor from E-modules to spectra. Suppose that either
E is connective or Ly commutes with suspension. Then there are natural
weak equivalences

(i) LyUM ~ULgssM and
(ii) LfUM >~ LU(E/\f)UM
for all left E-modules M.
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Proof. Let F': Sp < E-Mod : U denote the Quillen pair where F. X = EAX
and U denotes the forgetful functor, and consider also the derived adjunction

F : HoSp < HoE-Mod : U.

As we next show, the functor L’ given by Theorem 5.1 is a localization
on HoE-Mod for which U preserves and reflects local objects. The unit
l'yy: M — L'M is the composite of the natural isomorphism ky;: M = KM
with A\ys. In order to prove that (L, 1) is an idempotent monad, it is sufficient
to check that L'’ and I’ are isomorphisms on HoE-Mod. For this, we need
to prove that A;p; and L'Ay; are isomorphisms for all M. On one hand,
UMy is an isomorphism because UL'M if f-local and therefore [y is
an isomorphism. Since U reflects isomorphisms, Ay, is an isomorphism.
On the other hand, UL’y is an isomorphism if and only if LU\ is an
isomorphism. But this is indeed the case, since U\, is an f-equivalence.
Again, using the fact that U reflects isomorphisms we conclude that L'\, is
an isomorphism and the argument is complete.

Observe that UL'M is f-local for all M, and if UM is f-local, then
Ulyy: UM — UL'M is an isomorphism. Hence, M = L'M since U reflects
isomorphisms on HoE-Mod. This tells us that M is L'-local, and conse-
quently U preserves and reflects local objects.

By part (a) of Proposition 4.2, the L'-local objects are precisely the
F f-local objects. Therefore, L' and Lp; are naturally isomorphic and this
tells us that LyUM = ULpyM naturally for all E-modules M. This proves
the statement (i).

For (ii), we wish to prove that L;UM ~ Ly ;UM for every E-module M.
If we replace f by UF' f in (i), we obtain that LypUM ~ ULpypsM. (We
can do this since, if Ly commutes with suspension, then Lypy also com-
mutes with suspension.) Now, on one hand, since F' is a retract of FUF,
we infer that F'f is an FUF f-equivalence, and therefore every FUF f-local
object is F'f-local. From this fact it follows that ULpypyX is f-local. Thus
LyrpsUX is f-local. On the other hand, UFf is an f-equivalence, since
L;UFf ~ULpsF f, which is a weak equivalence. Hence every f-local object
is UF f-local, and consequently L;UX is UF f-local. This implies (b). O

As in (3.2), we conclude that
LfM >~ LE/\fM (52)

for all left F-modules M and all maps f of spectra, in all possible readings
of this expression.

It follows from this result that, if X is any spectrum and Ly denotes
Bousfield localization with respect to X,-homology then, for every cofibrant
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ring spectrum FE, the functors Ly and Lgxx coincide on (strict) E-modules.
This was shown for homotopy ring spectra and homotopy modules in [18,
Proposition 3.2]. The case E = HZ is especially relevant, since it allows a
complete description of all homological localizations of stable GEMs; see [18].

6 Preservation of loop spaces

The following result generalizes Theorem 5.2. Its formulation is motivated
by the fact that the loop functor €2 reflects weak equivalences on connected
spaces but not on all spaces.

Theorem 6.1. Let F' : M = M’ : G be an enriched adjunction between
model categories and let C' : HoM' — HoM'’ be a colocalization. Let f be a
morphism in M such that Ly and Lpy exist. Suppose that:

(a) For each object X of M’, the map lgx: GX — LyGX is naturally
weakly equivalent to a map GAx: GKX — GL'X where \: K — L'
is a natural transformation and K is naturally weakly equivalent to the
identity.

(b) G reflects isomorphisms on the image of C.
(¢) The natural transformation GC — G is an isomorphism.
(d) Lpy commutes with C' up to isomorphism.
Then there are natural weak equivalences
(i) L;GX ~GLpsX and
(ii) LyGX ~ LariGX.

Proof. There is a natural map Iy : X — L’X in HoM' obtained by composing
the natural isomorphism X = KX with Ax: KX — L'X. Observe that if
X is in the image of C then [’ lifts uniquely to a map I%: X — CL'X since
C' is a colocalization. Hence, we may replace L' by L” = C'L’' and we find
that (L”,1") is a localization on the image of C. For this, we use the fact
that, by (c), GL'X ~ GL"X for all X, and use (b) to argue as in the proof
of Theorem 5.2.

By (d), Lgy restricts to the image of C. Next we show that L"” ~ Lpy.
For this, note that an object in M’ of the form CX for some X is L”-local
if and only if CX ~ L"CX. Since G reflects weak equivalences on the
image of C', this happens if and only if GCX ~ GL"CX. Since GL"CX ~
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L;GCX, we conclude that C'X is L"-local if and only if GCX is f-local. By
Proposition 4.2, this is equivalent to the statement that C'X is F'f-local.

Thus we have proved that L;GCX ~ GLp;CX for all X. The argument
continues as follows, for an arbitrary object X of M":

LfGX >~ LfGOX ~ GLFfOX ~ GCLFfX ~ GLFfX,

as claimed.
Part (ii) is proved in the same way as in Theorem 5.2. O

As a first special case, consider the enriched adjunction
Y. : sSet, = sSet, : Q.

Since (2 reflects weak equivalences of connected simplicial sets and L satis-
fies (a) in Theorem 6.1 (as shown in [16] or [13]), it follows that, for every

map f,

6)(2 LfQX — QLEfX (61)
is a natural weak equivalence for every connected simplicial set X. Since
QX = QX and (L X)o = LsyXo, where X denotes the basepoint compo-
nent of a non necessarily connected simplicial set X, we conclude that (6.1)
holds in fact for all X.

By induction we also have L)"X ~ Q" Lsn ;X for all X and n > 0.
There is also an enriched adjunction

3% sSet = Sp : evy,
where evq picks the Oth space of a spectrum. The derived adjoint pair
3*° : HosSet = HoSp : Q°°

has the property that the image of ¥ is contained in the full subcategory
of connective spectra. Note that Ly restricts to connective spectra, since
2> f is itself a map between connective spectra. Moreover, (2> reflects iso-
morphisms if restricted to connective spectra.

The main step is to prove that Ly preserves infinite loop spaces, and in
fact satisfies (a) in Theorem 6.1. This was shown in [5, §6] using I-spaces
and in [13] using an E..-operad. It then follows from Theorem 6.1 that

Bxi LfQOOX — QooLzoofX

is a natural weak equivalence for every map f of spaces and every connective
spectrum X.
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In order to prove that L;Q*X ~ Q*Lsy«~;X holds in fact for every
spectrum X, not necessarily connective, observe that X ~ Q>*X¢ and
(Lyoo f X)¢ = Lyoop X¢, where X denotes the connective cover of X.

The result that

LfQOOX ~ LQOOEOOf Q>*X

for all spectra X and every map of spaces f is a useful observation for the
study of localizations of infinite loop spaces.
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